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Abstract
In voting, a voting rule has to determine the winning candidate on the basis of the voters’ pref-
erences over the set of candidates, which together constitute a preference profile. According to
Condorcet’s majority rule, the winning candidate is the candidate that is pairwise preferred to all
other candidates by a majority of voters. When candidate a is preferred to candidate b by a major-
ity of voters, we say that a “beats” b and we call this the majority relation over a and b. However,
Condorcet’s majority rule is not always able to choose a single winner. Therefore, we study Con-
dorcet winning sets. A set Y is a Condorcet winning set if for every candidate z not in Y a majority
of voters prefer some candidate in Y to z. Then, the Condorcet dimension of a preference profile
is the minimum size of a Condorcet winning set on the preference profile.

In this research, we approach an open question posed by Elkind et al. (2015): do there exist
preference profiles whose Condorcet dimension exceeds 3? Preference profiles have been found
with minimum Condorcet winning sets of size 2 and 3, but it remains unanswered whether prefer-
ence profiles can be constructed with minimum Condorcet winning sets of size 4 or higher.

We will approach this question by using the (known) relation between Condorcet winning sets
on preference profiles and dominating sets in tournaments. If there are no ties (which is always
the case with an odd number of voters), the majority relation defines a tournament on the set of
candidates. This is a relation R so that either xRy or yRx for any two candidates x,y. Then, a
dominating set on a tournament is a set of candidates S such that for every candidate z not in S
there is a candidate y in S for which y beats z. The dominating dimension of a tournament is the
minimum size of a dominating set on the tournament.

The concept of dominating sets in tournaments is related to but stronger than the concept of
Condorcet winning sets on preference profiles. The difference lies in the underlying notion of
collective dominance. In a Condorcet winning set Y , for every candidate z not in Y there is some
candidate in Y that is preferred to z by a majority of voters, but that candidate may depend on the
voter. By contrast, in a dominating set S, for every candidate z not in S there is a candidate in S
that beats z, i.e. there is one candidate y in S that is preferred to z by the majority of voters. This
means that every dominating set on a tournament is a Condorcet winning set on the corresponding
preference profile, but not vice versa. We will use this relation to make advancements towards
constructing preference profiles with Condorcet dimension 4 or higher.

Firstly, we will use results by Erdős (1963) and Szekeres and Szekeres (1965) concerning
dominating sets in tournaments to obtain bounds on the minimum number of candidates that is
needed for preference profiles with a given Condorcet dimension.

Secondly, we will analyse constructions of preference profiles with Condorcet dimension 2
and 3, in particular, Condorcet cycles and Kronecker preference profiles. The latter have been
constructed by Elkind et al. (2015). We will show that the minimum-sized Condorcet winning sets
on these preference profiles are also dominating sets in the corresponding tournament. Also, these
preference profiles have a cyclic structure that is necessary for obtaining a higher Condorcet di-
mension (as we will prove with a theorem by Dasgupta and Maskin (2008)), but we will show that
these cyclic structures cannot be extended in order to obtain a preference profile with Condorcet
dimension 4 or higher.

Lastly, we will construct so-called quadratic residue tournaments with dominating dimension
3 and 4, which have first been constructed by Szekeres and Szekeres (1965), and provide a novel
way of constructing preference profiles that realise quadratic residue tournaments of dominat-
ing dimension 3 and 4. The preference profile that represents the quadratic residue tournament
with dominating dimension 3 is a new preference profile with Condorcet dimension 3. As the
preference profile corresponding to the tournament with dominating dimension 4 does not have
Condorcet dimension 4, we will suggest further research questions that our new results raise.
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Chapter 1

Introduction

In voting, voters have preferences over a set of alternatives. These preferences together constitute
a preference profile and a voting rule has to determine a winner on the basis of this preference
profile. However, it is not always possible to find a single winner. Condorcet’s majority rule or
simply majority rule, which we will use in this research as the voting rule to decide the winning
outcome, fails to determine a single winner for every possible preference profile. As there exist
preference profiles for which Condorcet’s majority rule cannot decide on a single winner, we will
look at winning sets and we will study the concept of Condorcet winning sets.

This research deals with an open question posed by Elkind et al. (2015) about the minimum
size of Condorcet winning sets. Preference profiles have been constructed for which the minimum
size of the Condorcet winning sets is 2 or 3. This means that Condorcet’s majority rule cannot de-
cide on, respectively, a single winner or a Condorcet winning set of size 2 for the given preference
profile. The question remains whether preference profiles can be constructed for which the min-
imum size of the Condorcet winning sets exceeds 3. This is the open question posed by Elkind: do
there exist preference profiles such that the smallest Condorcet winning sets have size 4 or larger?
In order to answer this question, either such a preference profile has to be constructed or it has to
be proved that every preference profile gives Condorcet winning sets of size 3 or smaller.

In this research, we will make advancements towards constructing preference profiles with
minimum Condorcet winning sets of size 4 by relating the problem of Condorcet winning sets on
preference profiles to dominating sets in tournaments. We will use this relation to find restrictions
on the minimum number of candidates needed for constructing such preference profiles and to
construct preference profiles that correspond to tournaments with larger dominating sets.

First, we will further elaborate on our model and research approach. In Section 1.1, we will
formally define the basic concepts used in voting, such as the concepts of preference profiles and
voting rules. In Section 1.2, we will explain what Condorcet’s majority rule entails and we will
define the concept of Condorcet winning sets. Having defined the basic concepts of this research,
we will elaborate on our research approach in Section 1.3 and we will conclude the chapter with a
description of the research context in Section 1.4 in order to understand how the present research
is embedded in the research field.

Second, in Chapter 2, we will formally define the concept of dominating sets in tournaments
and we will explain the (known) relation between dominating sets in tournaments and Condorcet
winning sets on preference profiles. Also, we will give bounds on the minimum number of candid-
ates needed in preference profiles with a given minimum-size of Condorcet winning sets. These
bounds have been deduced from results about dominating sets in tournaments using the relation
between Condorcet winning sets on preference profiles and dominating sets in tournaments.

Third, in Chapters 3 and 4, we will analyse known constructions of preference profiles with
minimum Condorcet winning sets of size 2 and 3. This gives us some intuition about why and
when Condorcet’s majority rule cannot output a single winner. As we should bear in mind that it
is an open question whether preference profiles with minimum Condorcet winning sets of size 4
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CHAPTER 1. INTRODUCTION 2

or larger exist, this intuition is necessary both for trying to construct such preference profiles and
for understanding whether there are reasons for believing that such preference profiles exist.

In Chapter 3, we will clarify under which condition Condorcet’s majority rule fails to determ-
ine a single winner. In paticular, we will look at a proof by Dasgupta and Maskin (2008), which
shows that Condorcet’s majority rule will only fail to determine a single winner when the voters
have cyclic preferences. Moreover, we will analyse the probability of the occurence of such cycles
in preference profiles. As it can be shown that simple cyclic structures always give Condorcet
winning sets of size 2, we will also determine the probability of the occurrence of cyclic structures
that give larger minimum Condorcet winning sets.

In Chapter 4, we will discuss the more complex cyclic structures in preference profiles that
have been constructed by Elkind et al. (2015). These cyclic structures have been constructed
using the Kronecker product, known from linear algebra, and we will call the preference profiles
consisting of these cyclic structures: Kronecker preference profiles. Kronecker preference profiles
have minimum Condorcet winning sets of size 3. Although Kronecker preference profiles will
enhance our understanding of the cyclic structures causing larger Condorcet winning sets, they
will not provide us with useful starting points for constructing preference profiles with minimum
Condorcet winning sets of size 4. We will show that extensions of the construction of Kronecker
preference profiles fail to give preference profiles for which the minimum size of the Condorcet
winning sets exceeds 3.

Fourth, as the known cyclic structures in the preference profiles with minimum Condorcet win-
ning sets of size 2 and 3 cannot be extended to preference profiles with larger minimum Condorcet
winning sets, we will exploit the relation of preference profiles to tournaments. In Chapter 5, we
will construct tournaments with minimum dominating sets of size 3 and 4, and we will present a
novel way of constructing corresponding preference profiles. This gives a new preference profile
with Condorcet dimension 3. It also gives interesting results that raise new questions for further
research.

Lastly, in Chapter 6, the research will be concluded with an overview of the insights this
research has given, and an exposition of our results and the further research questions that they
raise.

1.1 The Model

Our model corresponds to the standard model for voting procedures used in social choice theory.
Social choice theory is a framework for the study of collective decision-making, which combines
voting theory with welfare economics. It concerns the aggregation of individual inputs (such as
preferences, opinions, judgements and/or values) into collective outputs (List, 2013).

First of all, there is a finite set of social alternatives, which in our case will be the set of
candidates. Let X = {x1, ...,xm} be the set of m candidates.

Secondly, there is a finite set of voters. Let V = {v1, ...,vn} be the set of n voters. Each voter
has a preference over the set of candidates. A preference �i of voter i ∈V is a linear order on the
set of candidates X . For technical convenience, we will assume that each voter’s preference over
the candidates in X can be represented by a strict linear ordering on X . That is, a voter cannot be
indifferent between any two candidates. In particular, for any two candidates x,y ∈ X with x 6= y,
x �i y denotes that voter i strictly prefers candidate x to candidate y (the only other possibility is
y�i x). Let RX denote the set of all strict linear orderings on X .

Thirdly, there is a preference profile P = 〈�1, ...,�n〉, where �i denotes the preference order-
ing on X of voter i. Hence, the preference profile P specifies the preferences of the n voters.

Lastly, there is an aggregation rule that takes individual preferences as inputs and produces
collective preferences as output. A voting rule, as a special subclass of aggregation rules, usually
does not output an ordering on the set of candidates but outputs one or several winners. When
an aggregation rule outputs a set of winners from X (possibly with cardinality 1), it is called a
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choice rule. We will define a voting rule as a choice rule. Formally, it is a function F that, for each
preference profile P on the domain of preference orderings RX and each subset Y ⊆ X , assigns a
(possibly empty) set F(P,Y )⊆ Y . This set F(P,Y ) can be interpreted as a winning set.

In this research, Condorcet’s majority rule will function as the voting rule and the winning
sets will be interpreted as Condorcet winning sets. The interpretation of Condorcet’s majority rule
and the definition of Condorcet winning sets will be given in section 1.2.

1.2 Generalisation of Condorcet Winner

Condorcet’s majority rule prescribes that one candidate is collectively preferred to another whenever
the majority of voters prefer the former to the latter (Brandt et al., 2016, p.57). We say that can-
didate a beats candidate b according to Condorcet’s majority rule if more than half of the voters
prefer a to b. Note that because voter’s preferences are strict, if the number of voters is odd then
either a beats b or b beats a. If the number of voters is even, then a and b could be tied if exactly
half of the voters prefer a to b. We normally assume that there are no ties, either by assuming that
the number of voters is odd, or that this case is unlikely when the number of voters is large.

Then, a Condorcet winner is the candidate that beats all other candidates.

Definition 1.1 (Condorcet Winner). A Condorcet winner is the candidate that is pairwise preferred
to any other candidate by a majority of voters, i.e. the candidate that beats all other candidates. ♦

Example 1.2. Consider table 1.1.

Table 1.1 – Example Condorcet Winner

v1 v2 v3

b c b
a b d
c a c
d d a

In this table we see that candidate b is preferred over candidate a by all voters. Similarly, can-
didate b is preferred over candidate d by all voters. Also, candidate b is preferred over candidate
c by two out of the three voters (voters 1 and 3). Therefore, candidate b is pairwise preferred by a
majority of voters. That is, in the preference profiles of the majority of voters, candidate b pairwise
beats any other alternative. Hence, candidate b is a Condorcet winner in this example. 4

The relation “a beats b” is also called the majority relation and sometimes denoted by a � b,
and when allowing for a tie between a and b by a� b.

Definition 1.3 (The Majority Relation). For a preference profile P = 〈�1, ...,�n〉 and two altern-
atives a,b ∈ X ,

a� b if and only if |{i ∈V : a�i b}| ≥ |{i ∈V : b�i a}|

Note that we define the majority relation as a weak preference relation. The majority relation
as a strict preference relation � would mean either that there are no ties or that the relation is
incomplete. With an odd number of voters, there will never be majority ties. Formally, the strict
majority relation � for a preference profile P = 〈�1, ...,�n〉 and two alternatives a,b ∈ X entails
that,

a� b if and only if |{i ∈V : a�i b}|> |{i ∈V : b�i a}|

♦
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However, the majority relation may not be transitive and, hence, there may be Condorcet cycles
and no Condorcet winner. The collective preference can have a cyclic structure even if the in-
dividual preferences are non-cyclic. The simplest example is the so-called Condorcet paradox.

Example 1.4 (Condorcet Paradox). Consider the 3-candidate 3-voter profile in table 1.2.

Table 1.2 – Condorcet cycle

v1 v2 v3

a b c
b c a
c a b

We see that candidate a is preferred over candidate b by two out of the three voters (voters
1 and 3), candidate b is preferred over candidate c by the majority of voters (voters 1 and 2) and
candidate c is preferred over candidate a by the majority of voters (voters 2 and 3). Hence, a beats
b, and b beats c, and c beats a. This gives a cyclic social ordering a � b � c � a as output to
Condorcet’s majority rule. 4

As Condorcet’s majority rule cannot determine a single winner for every preference profile, the
concept of a Condorcet winner has been generalised to the concept of Condorcet winning sets. A
Condorcet winning set is a set of candidates ‘such that collectively the voters are happy enough
with at least one alternative in the set’ (Elkind et al., 2011, p. 186).

Definition 1.5 (Condorcet Winning Set). Consider an n-voter election over X , where the set of
candidates is X = {x1, ...,xm}, with a preference profile P = 〈�1, ...,�n〉. A set Y ⊆ X is a Con-
dorcet winning set if for every z∈X \Y a majority of voters prefer some candidate in Y to z∈X \Y :

#{i ∈ N | ∃y ∈ Y such that y�i z}> n
2

(1.1)

This can be generalised to elections with qualified instead of simple majority voting. We call such
sets θ -winning sets. They are said to θ -cover an alternative z ∈ X \Y if for every z ∈ X \Y :

#{i ∈ N | ∃y ∈ Y such that y�i z}> θn (1.2)

♦

Condorcet winning sets are 1
2 -winning sets. In this research we focus on Condorcet winning

sets and will not consider winning sets for θ 6= 1
2 .

In this research, we are interested in the minimum size of Condorcet winning sets on a given
preference profile. We will call this the Condorcet dimension of the preference profile.

Definition 1.6 (Condorcet Dimension). The Condorcet dimension of a preference profile P is the
minimum size of a Condorcet winning set on the preference profile. This dimension is denoted by
dimC(P). ♦

1.3 The Research Approach

This research concerns the open question posed by Elkind et al. (2015):

Research Question. Do there exist preference profiles of Condorcet dimension 4 or higher?
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Preference profiles have been constructed with Condorcet dimension 2 and 3, but it remains un-
answered whether there exist preference profiles for which the minimum size of the Condorcet
winning sets exceeds 3. Different approaches have been tried in order to construct preference pro-
files whose Condorcet dimension exceeds 4. The approaches can be divided into randomised and
constructive approaches.

An appealing randomised approach is the probabilistic method of Alon and Spencer (2008) for
which one tries to generate a preference profile randomly according to a suitable probability distri-
bution and argues that it has a high Condorcet dimension with non-zero probability. Elkind et al.
(2015) have tried this probabilistic method but have not been able to identify a suitable probability
distribution for generating the preference profiles with high Condorcet dimension randomly.

Another randomised approach is proposed by Geist (2014). Geist has encoded the problem
of finding a preference profile that has a given Condorcet dimension as a satisfiability problem
and tried to solve the problem by the SAT-solver. He was able to find a minimal example of a
preference profile with Condorcet dimension 3. However, he has not been able to find preference
profiles whose Condorcet dimension exceeds 3 due to the high complexity of such problems. With
Geist’s current formalisation, the solving process does not terminate within a reasonable amount
of time.

The most natural constructive approach, which is also tried by Elkind et al. (2015) and on
which we will elaborate in Section 4.3, is to extend the structure of the preference profiles with
Condorcet dimension 3 to a larger number of candidates. This, however, has not lead to a higher
Condorcet dimension.

In this research, we will use another constructive approach. We will exploit the relation
between Condorcet winning sets on preference profiles and dominating sets in tournaments. We
think that a constructive approach is more fruitful than a randomised approach, because of the
known low probability of finding preference profiles with Condorcet dimension 3 or higher that
we describe in Section 3.2.

The relation between Condorcet winning sets on preference profiles and dominating sets in tour-
naments is the main topic of this research. If there are no ties, then the majority relation (or “beats”
relation) defines a tournament on the set of candidates, which is a relation R so that either xRy or
yRx for any two candidates x,y. On tournaments, we can define dominating sets. A dominating
set is a set S so that every candidate not in S is beaten by some candidate in S. The concept of a
dominating set is related to (but stronger than) the concept of a Condorcet winning set. This will
be explained in further detail in Chapter 2.

As will be explained in Section 2.2, every dominating set is a Condorcet winning set but not
vice versa. The difference lies in the underlying notion of collective dominance. In a Condorcet
winning set Y , for every candidate x not in Y a majority of voters prefer some candidate in Y to x,
but that candidate may depend on the voter. This is not the case for a dominating set S, where for
every candidate x not in S there is a candidate y in S that beats x. This “beats” relation means that
a majority of voters prefer y to x.

Since a dominating set in a tournament is always a Condorcet winning set in the correspond-
ing preference profile, a tournament has to have minimum dominating sets of size 4 or larger
in order to have minimum Condorcet winning sets of that size in the corresponding preference
profile. Tournaments with such dominating sets exist (they require 19 or more candidates). We
will construct such tournaments and try to transform them into preference profiles with Condorcet
dimension 4 or higher.

It is known how to present a tournament via a preference profile, but not so as to keep the Con-
dorcet dimension high. In fact, the simplest method of translating a tournament to a preference
profile proposed by McGarvey (1953) always produces preference profiles with Condorcet dimen-
sion 2 (McGarvey’s method of construction will be used in the proof of Theorem 2.2 in Section
2.1). Therefore, we will describe possible ways to improve the standard approach to translating
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tournaments into preference profiles. In Chapter 5, we will first construct a tournament with a
minimum dominating set of size 3 and construct a corresponding preference profile with a min-
imum Condorcet winning set of size 3. Then, we will look for regularities in the construction of
the preference profile in order to be able to extend the construction to a preference profile with
minimum Condorcet winning sets of size 4.

As it is an open question whether preference profiles with Condorcet dimension 4 or higher exist,
one cannot simply search for such preference profiles but should also look for reasons that could
exclude their existence. During our research, we have not been able to find any reasons for the non-
existence of preference profiles with a high Condorcet dimension. In fact, the relation between
Condorcet winning sets on preference profiles and dominating sets in tournaments currently leads
us to the conjecture that preference profiles with high Condorcet dimension exist.

Conjecture. There exist preference profiles whose Condorcet dimension exceeds 3.

The idea behind this intuition is that there is no general upper bound on the minimum car-
dinality of dominating sets in tournaments and since the difference between Condorcet winning
sets and dominating sets does not give us a reason to think that the Condorcet dimension should
have an upper bound while the minimum cardinality of dominating sets does not, we think that the
Condorcet dimension can also be higher than 3 for certain preference profiles. This will become
clear in Section 2.2 when we go into more detail about the relation between Condorcet winning
sets on preference profiles and dominating sets in tournaments.

1.4 The Research Context

The research into Condorcet winning sets should be seen in relation to the broader research in
social choice theory in order to understand its scope and relevance. As we noted in Section
1.1, social choice theory is the study of collective decision-making. It concerns the analysis of
decision-mechanisms (or aggregation procedures) in general. In this research, we are interested in
voting procedures in particular.

The central questions in social choice theory relate to what is best for society and how soci-
ety should decide what to do. For example (List, 2013), ‘how can a group of individuals choose
a winning outcome (e.g., policy, electoral candidate) from a given set of options? What are the
properties of different voting systems? When is a voting system democratic? How can a collective
(e.g., electorate, legislature, collegial court, expert panel, or committee) arrive at coherent collect-
ive preferences or judgments on some issues, on the basis of its members’ individual preferences
or judgments? How can we rank different social alternatives in an order of social welfare?’ These
questions are tackled by developing aggregation models and proving results about the possibility
or impossibility of aggregation procedures under certain conditions.

Pioneers in social choice theory, such as Nicolas de Condorcet and Jean-Charles de Borda in
the 18th century, Charles Dodgson (also known as Lewis Carroll) in the 19th century and Duncan
Black in the 20th century, focused on developing a specific decision procedure. Although the
development of specific decision procedures was fundamental to the study of collective decision-
making, social choice theory took off as a field of research after the impossibility result of Kenneth
Arrow (Arrow, 1951), followed by the work of Amartya Sen (see, e.g., Sen, 2017). The work by
Arrow and Sen, who were both awarded a Nobel Memorial Prize in Economics (respectively, in
1972 and in 1998), is characterised by an axiomatic approach towards collective decision-making.
Instead of examining a specific decision procedure, Arrow and Sen consider the logical space of all
possible decision procedures and question which procedures, if any, satisfy certain requirements
or axioms (List, 2013).

Since Arrow and Sen’s seminal work, social choice theory has developed into an interdis-
ciplinary research area that has known contributions by mathematicians, economists, political
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scientists and philosophers. In the last two decades, there has been a growing interest in social
choice theory by computer scientists who take a computational approach towards the analysis of
decision-mechanisms. This has led to the field of research called Computational social choice
theory, which has two main thrusts. ‘First, researchers seek to apply computational paradigms and
techniques to provide a better analysis of social choice mechanisms, and to construct new ones.
(...) Second, researchers are studying the application of social choice theory to computational en-
vironments’ (Brandt et al., 2016, p. 2). The research in this dissertation can be regarded as part
of the first thrust of computational social choice theory. Computational and mathematical tech-
niques are applied to the analysis of social choice mechanisms. Thereby, the research recovers the
approach of the pioneers in social choice theory. Instead of taking an axiomatic approach as used
in the leading work by Arrow and Sen, computational and mathematical techniques are applied to
the specific voting procedure constituted by Condorcet’s majority rule.

The generalisation of the Condorcet winner to Condorcet winning sets is closely connected to
Arrow’s influential impossibility result. In a nutshell, Arrow’s influential impossibility theorem
states that with three or more options (or candidates), there exists no aggregation rule that satis-
fies five reasonable democratic conditions. Hence, also Condorcet’s majority rule cannot satisfy
Arrow’s five democratic conditions. In particular, Condorcet’s majority rule fails to satisfy the
condition of collective rationality, which entails that the aggregation rule always produces a social
ranking or linear ordering of the alternatives. As Condorcet’s majority rule sometimes outputs
intransitive collective preferences (see the Condorcet paradox discussed in Section 1.2), it can-
not produce a social ranking for every preference profile. This is precisely what happens when
Condorcet’s majority rule fails to determine a Condorcet winner.

Arrow’s impossibility theorem caused a shock among political scientists and political philo-
sophers, because the theorem was initially interpreted as showing the impossibility of democratic
decision-making and the incoherence of a notion of social welfare. Currently, it is heavily debated
by political scientists and political philosophers in the field whether such pessimistic conclusions
are justified. The conclusions that can be drawn from Arrow’s impossibility theorem about demo-
cratic decision-making depend on the plausibility of its conditions. Therefore, a large debate in
the social choice literature revolves around the question of whether and how Arrow’s conditions
can and should be weakened. The generalisation of the Condorcet winner to Condorcet winning
sets is one such relaxation that puts the consequences of Arrow’s impossibility result for collective
decision-making in perspective.

Theoretically, the concept of Condorcet winning sets is an interesting relaxation of Arrow’s con-
dition of collective rationality that avoids Arrow’s impossibility result. But practically, in which
decision situations would the output of a Condorcet winning set be useful? Elkind et al. (2015)
note that this relaxation to a winning set is useful when ‘viewing collective decision making as a
multicriterion optimization problem, where the aim is to select a set of candidates that is as small
as possible and dominates all other candidates as strongly as possible’ (Elkind et al., 2015, p.494).

Elkind gives the choice of time slots for departmental seminars as an example of such a prac-
tical optimization problem. Ideally, departmental seminars should be held each week at the same
time and day. However, the unfortunate consequence might be that some departmental members
always miss out, because they have teaching obligations at that time each week. A solution would
be to choose a set of two slots, such that every departmental member prefers at least one of the
slots over any other possible time slot. If such a pair of slots exists, we can alternate between them
in order to ensure that everyone can attend at least one seminar every two weeks. Hence, we are
interested in finding a collectively acceptable set of slots that is as small as possible.

The example does not fully apply as the practical problem is not put in a voting context. In par-
ticular, it concerns the choice of collectively optimal alternatives such that all members can attend
at least once every two weeks, while Condorcet’s majority rule would regard alternatives optimal
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(or collectively preferred) when a majority of the members can attend each week. Hence, in a
voting context, the practical optimization problem, in which Condorcet winning sets are useful,
would be that departmental members can indicate their preferences over the possible alternatives
on the basis of which the head of department will choose an alternative or set of alternatives such
that collectively the departmental members are happy enough with at least one alternative.

Furthermore, any results about the Condorcet dimension of preference profiles can be inter-
esting for committee formation. The Condorcet winning set could be a good criterion for forming
a committee in a voting context, as it encertains that the majority of voters prefer at least one can-
didate in the committee over the other candidates. Note that this is not a very strong requirement
for committee formation. Even though this is not a strong requirement, any results about the Con-
dorcet dimension of preference profiles mean that a committee of smaller size cannot be formed
for all preference profiles using Condorcet’s majority rule.



Chapter 2

Dominating Sets in Tournaments

For preference profiles with an odd number of voters (no majority ties), the majority relation
defines a tournament on the set of candidates. This is a relation R so that either xRy or yRx
for any two candidates x,y. For tournaments, the concept of a dominating set is related to (but
stronger than) the concept of a Condorcet winning set. This means that every dominating set in
a tournament is a Condorcet winning set on the corresponding preference profile, but not vice
versa. Therefore, to have a minimum Condorcet winning set of size 4 on a preference profile, the
corresponding tournament has to have minimum dominating sets of size 4.

We call the minimum size of a dominating set the dominating dimension of the tournament.
The question of whether there exists a tournament for every possible dominating dimension, is
known as Schütte’s problem and was first studied by Erdős (1963). The problem is usually formu-
lated in terms of the property St . A tournament has the property St for some t > 0, if for any set
U of t candidates, there is a candidate u which dominates all candidates in U . Then, the question
of Schütte’s problem is whether there is a tournament with property St for every t and a suitable
number of candidates.

Note that a tournament has the property St if and only if the dominating dimension of the
tournament is bigger than t or, similarly, a tournament has dominating dimension t if and only if
it has property St−1 but not property St . For if a tournament has the property St , then there is no
dominating set of size t. When there is no dominating set of size t, we can easily see that there
is also no dominating set with less than t candidates. Hence, if a tournament has property St , the
dominating dimension is at least t +1. On the other hand, if a tournament does not have property
St , then there exists a set U ′ of t candidates such that for every w /∈U ′, there is a vertex v ∈U ′

for which v→ w. That is, U ′ is a dominating set of order t in the tournament and the dominating
dimension of the tournament is t or less (Reid et al., 2004, p.160).

The study of Schütte’s problem has lead to bounds on the minimum number of candidates
needed in a tournament with a given dominating dimension. Since the concept of dominating sets
in tournaments is stronger than the concept of Condorcet winning sets on preference profile, we
can translate these results to bounds on the minimum number of candidates in a preference profile
with a given Condorcet dimension.

In this chapter, we will first describe the relation between tournaments and preference profiles
(Section 2.1), and between dominating sets in tournaments and Condorcet winning sets on pref-
erence profiles (Section 2.2). Secondly, we will discuss upper and lower bounds on the minimum
number of candidates needed in a tournament with a given dominating dimension, which have
been proved by Erdős (1963) and Szekeres and Szekeres (1965) (Section 2.3). Because dominat-
ing sets are also Condorcet winning sets in the corresponding preference profile, the same bounds
hold for the minimum number of candidates that is needed in a preference profile with a fixed
Condorcet dimension. The bounds are useful for constructing tournaments and their correspond-
ing preference profiles with Condorcet dimension 4 or higher.

9
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2.1 Tournaments and Preference Profiles

If a given preference profile P over candidate set X does not contain majority ties, then the majority
relation defines a relation R on the set of candidates so that either xRy or yRx for any two candidates
x,y. We call this a tournament T (P) = (X ,E) or a majority graph, because the edges E reflect the
majority relation between each pair of candidates in the set of candidates X . It can be represented
by a complete directed graph on the set of candidates.

Figure 2.1 – From Preference Profile A to Tournament T (A)

A
v1 v2 v3

a c d
b d a
c b b
d a c

a b

c

d

Example 2.1 (From Preference Profile to Tournament). Consider the preference profile A = 〈�1,
�2,�3〉 over the set of candidates X = {a,b,c,d} and the corresponding tournament in Figure 2.1.
As a majority of voters (voters 1 and 3) prefer candidate a over b, the corresponding tournament
contains a directed edge from a to b. Similarly, there is a directed edge from a to c and from b to
c (majority preference by voters 1 and 3). Voters 1 and 2 prefer c to d, so the tournament contains
a directed edge from c to d. Lastly, the majority of voters (voters 2 and 3) prefer d to b and d to a,
so there is a corresponding directed edge in the tournament present. 4

With an odd number of voters, there are never majority ties and, hence, the majority relation
always defines a tournament on the set of candidates. With an even number of voters, there are no
majority ties whenever for each pair of candidates x,y ∈ X , either |{i ∈ V : x �i y}| ≥ |V |2 + 1 or
|{i ∈V : x�i y}| ≤ |V |2 −1.

A tournament T has an adjacency matrix M(T ) = (mab)a,b∈N showing 1 whenever there is a dir-
ected edge from a to b and 0 otherwise. This matrix makes it easier to determine dominating sets
in large tournaments. Figure 2.2 shows the tournament of Figure 2.1 with its adjacency matrix.

Figure 2.2 – Tournament and Adjacency Matrix

a b

c

d

a b c d


a ∗ 1 1 0
b 0 ∗ 1 0
c 0 0 ∗ 1
d 1 1 0 ∗

While the preference profile uniquely determines the tournament, the transformation of tourna-
ments into preference profiles is not unique. One reason for the non-unique character of this
relation is that the tournament does not determine the number of voters in the corresponding pref-
erence profile. However, also for a given number of voters, there may exist different corresponding
preference profiles. Figure 2.4 in the next section shows a tournament that is described by two dis-
tinct preference profiles A and B with the same number of voters.
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McGarvey shows that any preference pattern can be obtained by taking the majority relation
over individual preference orderings. That is, for every tournament it is possible to find a corres-
ponding preference profile.

Theorem 2.2 (McGarvey (1953)). Given an arbitrary preference pattern ≥ over a set of m ele-
ments, a group of n individuals, where n ≤ m(m− 1), exists with strict individual preference
orderings (P = 〈�1, ...,�n〉) such that the group preference pattern as determined by the method
of simple majority decision is the given preference pattern.

More specifically for tournaments, let T = (X ,E) be a tournament with a set of candidates X
and a set of directed edges E, where the directed edges describe a complete relation ≥ over X.
Then, there is a preference profile P = 〈�1, ...,�n〉 over X with n≤ m(m−1) such that ≥=�.

Proof. The theorem is proved by exhibiting a method of construction that can be applied to any
preference pattern or tournament. The preference relation ≥ has an asymmetric part > and a
symmetric part =. The asymmetric part can be interpreted as a strict preference and the symmetric
part can be interpreted as indifference.

Let us first construct the preference profile for the asymmetric part >. For every two elements
a,b with a > b introduce two voters iab and jab, which gives the set of voters V = {iab, jab : a > b}.
Assign voters iab and jab, respectively, the preference orderings:

a�iab b�iab x1 �iab ...�iab xm−2 and

xm−2 � jab ...� jab x1 � jab a� jab b,

where x1, ...,xm−2 is an arbitrary enumeration of the remaining elements.
It is easy to check that a will be preferred to b with these preference orderings, as both voters

prefer a to b. Also, the preferences of each individual between two elements when either or both
of the two elements is neither a nor b cancel out, because the two individuals express opposing
preferences.

For the symmetric part of the preference relation, it is not necessary to construct any further
voter’s preference orderings. The indifference between two elements will already follow from the
preference profile constructed for the asymmetric relation.

Hence, we see that we can construct a preference profile for an arbitrary preference pattern
or tournament. Since we have included two voters for each pair of elements that induces a strict
preference relation and there are at most

(n
2

)
such pairs (namely, in the case of no indifference, i.e.

in a complete directed graph or tournament), we have constructed a preference profile where the
number of voters n is less than or equal to m(m−1): n= |V | ≤ 2 ·

(m
2

)
= 2 · m(m−1)

2 =m(m−1). �

McGarvey’s theorem gives an upper bound on the number of voters needed to express any
possible pattern over m candidates. It has been questioned whether there is also a lower bound on
the number of voters that can be used to obtain any majority relation. Stearns (1959) and Erdős
and Moser (1964) have shown that this lower bound is of order Θ( m

logm). This implies that when
the number of voters is fixed, there are tournaments which cannot be described by any preference
profile for this fixed number of voters. Hence, not all majority relations are induced by preference
profiles with small fixed numbers of voters (Brandt et al., 2016, p.58).

As the theorem shows that there is a preference profile for each logically possible preference
pattern, McGarvey concludes that all voting paradoxes are possible. That is, for any possible para-
doxical collective outcome, it is possible to construct a preference profile of individual preferences
that induces this collective preference pattern with majority rule. The implication for our research
is that every tournament must have a corresponding preference profile. Whether all tournaments
with large dominating sets also have corresponding preference profiles with higher dimensional
Condorcet winning sets is the next question.
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2.2 Dominating Sets vs. Condorcet Winning Sets

The mathematical theory of tournaments defines a classic tournament function called a dominating
set.

Definition 2.3 (Dominating Set). A dominating set is a set S of a tournament T = (X ,E) such that
for every x ∈ X\S there is a vertex y ∈ S for which the directed edge (y,x) is in E. ♦

Since we are interested in the minimum size of Condorcet winning sets for a given preference
profile (the Condorcet dimension), let us denote the minimum cardinality of a dominating set in a
tournament T by µ(T ) and call it the dominating dimension of the tournament. Recall property St

from the introduction to this chapter and note that a tournament T satisifes property St if and only
if µ(T )≥ t +1.

Example 2.4. The tournament T (A) in Figure 2.1 in the previous section has minimum sized
dominating sets:

{a,c},{a,d},{b,d},{c,d}.

Since the minimum size of a dominating set in the tournament is 2, by definition µ(T (A)) = 2. 4

Dominating sets in tournaments and Condorcet winning sets on preference profiles are not one-
to-one related, as their underlying notion of collective dominance differs. For Condorcet winning
sets the notion of collective dominance is disjunctive: a set Y is a Condorcet winning set if for
every z ∈ X \Y a majority of voters prefer some candidate in Y to z. By contrast, the notion of
collective dominance for dominating sets is conjunctive: a set S is a dominating set if for every
z ∈ N \ S there is a vertex y ∈ S with a directed edge to z (Elkind et al., 2015, p.497). That is,
the concept of a dominating set is stronger than the concept of a Condorcet winning set. While a
dominating set requires for every z ∈ N \S that a majority of voters prefer the same y ∈ S to z, for
a Condorcet winning set it may differ per voter which candidate in the set is preferred to z.

Example 2.5. Consider the preference profile and the corresponding tournament in Figure 2.3.

Figure 2.3 – Dominating Set vs. Condorcet Winning Set

v1 v2 v3

a b c
c c a
b a b

a

b

c

We see that {c} is a dominating set and a Condorcet winning set. Also, as c beats both a and
b, we see that {a,b} is not a dominating set. However, since c does not beat {a,b} collectively in
the preference profile, {a,b} is a Condorcet winning set. 4

The consequence is that a dominating set in a tournament always has a corresponding Condorcet
winning set on the preference profile. However, a Condorcet winning set for a given preference
profile does not necessarily have to be a dominating set in the corresponding tournament.

Claim 2.6 (Relation Condorcet Winning Sets and Dominating Sets). If the set of candidates S⊆ X
is a dominating set on T (P) = (X ,E), then S is also a Condorcet winning set for preference profile
P on X . But not vice versa. ♦
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Figure 2.4 – Relation Dominating Set and Condorcet Winning Set

A
v1 v2 v3

a b d
c c a
d d b
b a c

B
v1 v2 v3

a c d
b d a
c b b
d a c

a b

c

d

Example 2.7. Consider the preference profiles A and B over the set of candidates X = {a,b,c,d}
and the corresponding tournament in Figure 2.4.

While {a,b} is a Condorcet winning set in A, it is not a dominating set in the tournament as
there is neither a directed edge from a to d nor from b to d in the tournament. Because {a,b}
is not a dominating set in the tournament, there exists a preference profile corresponding to the
tournament such that {a,b} is not a Condorcet winning set. Preference profile B represents this
preference profile. We see that the set {a,b} does not beat d, because voters 2 and 3 prefer d to a
and b. 4

When constructing Condorcet winning sets that correspond to dominating sets, the intuition is that
a Condorcet winning set is likely to be a dominating set if it consists of alternatives that are ranked
close to each other in each voter’s preference ordering.

For example, consider a clone set in the sense of Tideman (1987), which is a set Y such that
for every pair of alternatives x,y ∈ Y and every alternative z ∈ X\Y no voter ranks z in between x
and y. Then, if a Condorcet winning set Y is a clone set, then it is also a dominating set (Elkind
et al., 2015, p. 498). To see this, take any z not in Y . Because a majority of voters prefer some
y in Y to z, this majority prefers every single y in Y to z by the clone property, that is, y beats z
(however, this does not mean that {y} alone is a dominating set because y may not beat the other
elements of Y , for example if Y is itself a Condorcet cycle).

Conversely, Condorcet winning sets consisting of alternatives that “complement” each other
are unlikely to correspond to a dominating set in the tournament.

Example 2.8. (Elkind et al., 2015, p.498). Consider an n-voter profile P over the set of candidates
{x1, ...,xk,a,b}, where n is divisible by 4 and the voters have the preference orderings of Table
2.1.

Table 2.1 – Condorcet Winning Set with Complementing Alternatives

n/4+1 voters︷ ︸︸ ︷ n/4 voters︷ ︸︸ ︷ n/2−1 voters︷ ︸︸ ︷
a · · · a b · · · b x1 · · · x1
x1 · · · x1 x1 · · · x1 · · · · · · · · ·
· · · · · · · · · · · · · · · · · · xk · · · xk
xk · · · xk xk · · · xk a · · · a
b · · · b a · · · a b · · · b

In this preference profile, the set {a,b} is a Condorcet winning set, but it is very far from being
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a dominating set in the corresponding tournament: for each i = 1, ...,k there are 3n/4− 1 voters
who prefer xi to a and there are 3n/4 voters who prefer xi to b. 4

The important point of this relation between dominating sets and Condorcet winning sets for our
research into higher dimensional Condorcet winning sets is that a minimum dominating set of high
cardinality in a tournament is a necessary condition for obtaining higher dimensional Condorcet
winning sets on the corresponding preference profile. Thus, in order to find Condorcet winning
sets of dimension 4 or higher, the dominating dimension in the corresponding tournament has to
be at least 4.

2.3 Bounds on the Minimum Number of Candidates

Since a dominating set in a tournament is also a Condorcet winning set on the corresponding
preference profile, bounds on the minimum number of candidates in a tournament with a given
dominating dimension are also bounds on the minimum number of candidates in a preference
profile with a given Condorcet dimension. That is, if we fix the Condorcet dimension of a prefer-
ence profile and we can prove that we need at least m candidates in the corresponding tournament
with equivalent dominating dimension, then we know that we need at least m candidates in the
preference profile.

For our constructing purposes, bounds on the necessary number of candidates can be very
useful, because it gives us some direction for choosing the number of candidates with which we
want to construct a preference profile with Condorcet dimension 4.

Let f (t) be the minimum number of candidates for which there exists a tournament with
property St . Recall from the introduction to this chapter that a tournament T has the property
St if and only if it has dominating dimension of t + 1 or larger (µ(T ) ≥ t + 1) , i.e. it has no
dominating set of size t: every set U of t vertices is dominated by some vertex not in U .

Erdős (1963) conjectured an upper and lower bound on f (t):

2t+1−1≤ f (t)≤ t22t(log2+ ε), (2.1)

where ε > 0. The first half of the inequality was proved by a simple counting argument and verified
for f (1) and f (2). The second half of the inequality was proved by a randomised argument.

In response to Erdős, Szekeres and Szekeres (1965) proved a tighter lower bound on f (t):

f (t)≥ (t +2)2t−1−1. (2.2)

They were able to verify that, instead of a lower bound, f (t) equals the formula for t = 1,2,3, but
not for t > 3.

Below, we will, firstly, look at the upper bound by Erdős (2.1). Erdős has proved this upper
bound for sufficiently large t. We are, however, interested in an upperbound on the minimum
number of candidates for a fixed and possible small t. Therefore, we will look at a different but
related proof by Alon and Spencer (2008), and show how this leads to an upper bound on the
minimum number of candidates for a fixed t. Then, we will use the theorem by Alon and Spencer
to prove the upper bound by Erdős for sufficiently large t.

Secondly, we will look at the lower bound on f (t) that was conjectured by Erdős. We will
deduce this lower bound from a proof by Megiddo and Vishkin (1988).

Thirdly, we will discuss the proof by Szekeres and Szekeres of the tighter lower bound (2.2).

First, consider the upper bound (2.1), proved by Erdős with a randomised argument. Erdős
proved that for sufficiently large t, there exists a tournament Tt with property St and no more
than t22t(log2+ ε) candidates. However, we are interested in something slightly different: for a
given (and possibly small) t, we want to know how large m has to be so that there is a tournament
with m candidates that satisfies property St . Therefore, we will first prove a related but different
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theorem by Alon and Spencer (2008). The theorem is related in the sense that it also uses a ran-
domised agrument and can be used to obtain the upper bound by Erdős for sufficiently large t.

Theorem 2.9 (Alon and Spencer (2008)). If
(m

t

)
(1−2−t)m−t < 1 then there is a tournament with

m candidates that has property St .

Proof. Let T be a random tournament with candidate set X = {1, · · · ,m}, where for every pair of
candidates u,v ∈ X , either a directed edge u→ v or a directed edge v→ u is chosen with equal
probability and independently of the other edges of T . Therefore, the probability that u dominates
v is 1

2 .
Now, for every set U of t candidates, let AU be the event that there is no candidate that beats

all candidates of U . Then, Pr[AU ] = (1−2−t)m−t . This is because for every candidate u /∈U , the
probability that u does not dominate every candidate in U is 1−2−t . Since the m− t events corres-
ponding to each possible choice of u /∈U are independent, the probability that U is a dominating
set, i.e. there is no candidate u /∈U that dominates all candidates in U , is (1−2−t)m−t .

There are
(m

t

)
sets of cardinality t. Therefore, the probability that any set U with cardinality t

is a dominating set, is given by:

Pr

 ∨
U⊂X
|U |=t

AU

≤ ∑
U⊂X
|U |=t

Pr[AU ] =

(
m
t

)
(1−2−t)m−t < 1

As this probability is smaller than 1, we can conclude that with positive probability there exists
a tournament T with no dominating set of cardinality t. That is, there exists a tournament T with
m candidates that satisfies property St . �

So, how can this theorem help us find an upper bound on the number of candidates needed in a
tournament with a fixed t? Since

(m
t

)
< mt

t! , we have that

mt

t!
(1−2−t)m−t < 1 or, equivalently,

mt(1−2−t)m < t!(1−2−t)t (2.3)

As we fix t, the right-hand side of equation (2.3) is constant. Let us denote it by ct , so that
ct = t!(1−2−t)t . Then, we see that

mt < ct(1−2−t)−m (2.4)

The left-hand side of equation (2.4) is a polynomial in m. The right-hand side of equation (2.4)
is an exponential, which can be written as ct ·bm

t where bt = 1/(1−2−t)> 1. Hence, we see that
inequality (2.4) holds for large enough m, because an exponential grows faster than a polynomial.

Now, by fixing a value of t, we can determine the minimum number of candidates that we
need. For example, if t = 3 we have

m3 < 3!
(

7
8

)3(8
7

)m

.

This is true for m≥ 91. For t = 4, we have

m4 < 4!
(

15
16

)4(16
15

)m

,

which holds for m ≥ 311. Hence, the inequality of Theorem 2.9 can give us the number of can-
didates that we need in a tournament with a fixed t, i.e. a fixed dominating dimension. Since the
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inequality of Theorem 2.9 results from an overestimate on the probability that any size-t subset
of candidates is a dominating set, this number m is an upper bound on the minimum number of
candidates f (t) that is needed in a tournament when t is fixed.

From Theorem 2.9, we can also derive the upperbound by Erdős of t22t(log2 + ε) for ε > 0
and sufficiently large t.

Theorem 2.10 (Erdős (1963) ). For every ε > 0, there is an integer N such that for every t ≥ N,
there exists a tournament Tt with property St and no more than t22t(log2+ ε) candidates.

Proof. Because of Theorem 2.9, we know that there is a tournament with m candidates that has
property St if

(m
t

)
(1−2−t)m−t < 1. We will now use this result to show that for sufficiently large

t, there is a tournament that satisfies property St and has no more than t22t(log2+ ε) candidates,
i.e. f (t)≤ t22t(log2+ ε) for sufficiently large t.

Again, since
(m

t

)
< mt

t! and also since 1−2−t < e−2−t
, we have for sufficiently large t that(

m
t

)
(1−2−t)m−t <

mt

t!
e(t−m)2−t

< mte−m2−t
. (2.5)

Note that we obtain equation (2.5), because 1/t! < e−t for sufficiently large t and, in particular,
for t ≥ 6.

Now, we will prove by contrapositive that the minimum number of candidates is bounded
above by t22t(log2+ ε). Suppose that

(m
t

)
(1−2−t)m−t ≥ 1 and, thus, that there is no tournament

with m candidates that satisfies property St . Then, it follows from equation (2.5) that

em2−t
< mt and, therefore,

m
2t < t log(m) and, thus,

1
2tt

<
logm

m
(2.6)

Now, if m ≥ 3, then logm
m decreases as m increases. Therefore, for ε > 0 and m ≥ 2tt2(log2+ ε),

equation (2.6) implies

1
2tt

<
logq

q
with q = 2tt2(log2+ ε).

This can be rewritten to,

t log(2+ ε)< log(2tt2 log(2+ ε)) or,

log(2+ ε)< log2+
1
t

log(t2(2+ ε))

However, if t is large enough, this is impossible. Because of this contradiction, we can reject
our assumption that

(m
t

)
(1− 2−t)m−t ≥ 1 if m ≥ 2tt2(log2+ ε). Hence, a minimum number of

candidates f (t) exists for all t and is bounded above by t22t(log2+ ε). �

Second, consider the lower bound on f (t) of equation (2.1), proved by Erdős, which is at the same
time a lower bound on the minimum number of candidates in a preference profile with Condorcet
dimension t +1. Erdős proved the lower bound by a simple counting argument, i.e. by induction.
The bound can also be deduced from a proof by Megiddo and Vishkin (1988), which uses ideas
that are similar to the proof by Erdős.

Instead of fixing the dominating dimension of a tournament and providing a lower bound
on the necessary number of candidates in the tournament, Megiddo and Vishkin fix the number
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of candidates in a tournament T and prove an upper bound on the dominating dimension µ(T ).
We will first show the proof before rephrasing it into a lower bound on the minimum number of
candidates needed in a tournament with a fixed dominating dimension and, more importantly, a
lower bound on the minimum number of candidates needed in a preference profile with a fixed
Condorcet dimension.

Theorem 2.11 (Megiddo and Vishkin (1988)). If T is a tournament with m candidates (m ≥ 2),
then µ(T )≤ dlog2 me.

Proof. Let d(u) denote the number of candidates dominated by candidate u. Since there is one
directed edge for every pair of candidates, the tournament contains

(m
2

)
= 1

2 m(m− 1) directed
edges. Therefore, ∑u d(u) = 1

2 m(m−1).
Suppose that all candidates dominate less than d1

2(m− 1)e candidates, then ∑u d(u) cannot
possibly equal 1

2 m(m−1). Hence, it follows that there exists at least one candidate that dominates
at least d1

2(m−1)e candidates.
We are going to create a dominating set S by recursively adding the candidates that dominate

at least half of the other candidates to the set. Let v denote a candidate for which d(v) ≥ d1
2(m−

1)e. Add v to the set S and remove v and all the candidates dominated by v together with the
edges incident on these candidates from the tournament. The remaining tournament has at most
d1

2(m−1)e candidates as m− (1
2(m−1)+1) = 1

2(m−1).
In the next recursive step, we remove a candidate that dominates at least d1

2(
1
2(m− 1)− 1)e

candidates. We continue this process till there are no candidates left. Since each recursive step
divides the number of candidates by 2, we see that we can take at most dlog2 me recursive steps.
Therefore, this process finds a dominating set S of no more than dlog2 me candidates. �

Example 2.12. Let us explicate the proof with an example of a tournament with 7 candidates,
which has 21 edges, ∑u d(u) = 1

2 · (7 ·6) = 21. Figure 2.5 shows the tournament, but for the clarity
of the picture not all edges are drawn.

Figure 2.5 – Upper Bound on Minimum Cardinality of Dominating Set

As there are 21 directed edges, the tournament contains at least one candidate with 3 outgoing
edges. Also, if no candidate has more than 3 outgoing edges, the tournament is balanced, meaning
that each candidate has an equal amount of 3 outgoing edges.

Pick candidate v that has at least 3 outgoing edges. In Figure 2.5, let v be the top candidate.
Add v to a set S and remove v together with its outgoing edges and the candidates it dominates
(the red circle in the figure). The remaining tournament contains at most 3 candidates. With 3
candidates, the tournament contains 1

2 · (3 ·2) = 3 edges, so there is one vertex that has at least 1
outgoing edge. Remove one such candidate. In Figure 2.5, we choose to remove the left candidate
in the blue circle. There remains at most one candidate. Add this candidate to the set S, giving a
dominating set of cardinality 3 = dlog2 7e. 4
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Since a dominating set in a tournament is also a Condorcet winning set on the corresponding
preference profile, we know that a preference profile without majority ties and with m candidates
has a Condorcet winning set of size dlog2 me. This implies that the minimum size of a Condorcet
winning set on a preference profile with m candidates is dlog2 me or less. That is, for a fixed number
m of candidates, we can give an upper bound on the Condorcet dimension of the preference profile.

Proposition 2.13 (Elkind et al. (2015)). For every m-candidate n-voter preference profile P we
have dimC(P)≤ dlog2 me if n is odd and dimC(P)≤ dlog2 me+1 if n is even.

Proof. Consider a profile P. If P has an odd number of voters, then it contains no majority ties
and the corresponding directed graph is a tournament. Because every dominating set in the tour-
nament T (P) is a Condorcet winning set of P, and because every tournament on m vertices has a
dominating set of size dlog2 me, it follows that dimC(P)≤ dlog2 me.

Now, suppose that P has an even number of voters. The preference profile might contain
majority ties, in which case the proof by Megiddo and Vishkin (1988) does not apply. Let z be
the candidate ranked first by the last voter in P. If we remove the last voter from the profile
P, we obtain a preference profile P′ with an odd number of voters. Let A be the minimum-size
Condorcet winning set of P′. Then we see that A∪{z} is a Condorcet winning set for P, as for
every y /∈ A∪{z} there are at least d|P′|/2e = |P|/2 voters in P′ who rank some candidate in A
above y and the last voter in P ranks z above y. Since P′ has an odd number of voters, we know
that dimC(P′)≤ |A|dlog2 me. Hence, dimC(P)≤ |A∪{z}| ≤ dlog2 me+1. �

Now, consider again the lower bound on f (t) of equation (2.1). In order to deduce from the
proof by Megiddo and Vishkin (1988) this lower bound, we draw a table indicating the number of
candidates that is removed in each recursive step. Table 2.2 shows the number of candidates that
is removed in each recursive step for tournaments with 7 to 15 candidates and the specific cases of
tournaments with 30, 31, 62 and 63 candidates.

Table 2.2 – Recursively Removed Vertices in Tournament

|X |= m 7 8 9 10 11 12 13 14 15 30 31 62 63
4 5 5 6 6 7 7 8 8 16 16 32 32
2 2 3 3 3 3 4 4 4 8 8 16 16
1 1 2 1 2 2 2 2 2 4 4 8 8

1 2 2 4 4
1 2 2

1

We can infer from the table that a tournament with a minimum dominating set of size 3 has
to have at least 7 candidates, a tournament with a minimum dominating set of size 4 has to have
at least 15 candidates, a tournament with a minimum dominating set of size 5 has to have at least
31 candidates and a tournament with a minimum dominating set of size 6 has to have at least 63
candidatees. In general, a tournament with a minimum dominating set of size t has to have at
least 2t − 1 candidates. That is, a tournament satisfies property St only if f (t) ≥ 2t+1− 1, giving
the inequality in equation (2.1). Then, we can state the following lower bound on the minimum
number of candidates in a preference profile with a fixed Condorcet dimension:

Proposition 2.14. For every m-candidate profile P with an odd number of voters, we have dimC(P)=
t only if m ≥ 2t − 1. For every m-candidate profile P with an even number of voters, we have
dimC(P) = t only if m≥ 2t−1−1.
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Proof. Consider a preference profile P with an odd number of voters. From Proposition 2.13, it
follows that dimC(P)≤dlog2 me. Since dlog2 2e= 1;dlog2 3e, · · · ,dlog2 6e= 2;dlog2 7e, · · · ,dlog2 14e=
3, we see that we need at least 15 candidates for Condorcet dimension 4. In general, we need 2t−1
candidates for Condorcet dimension t.

Now, suppose the preference profile P has an even number of voters. Then, it follows from
Proposition 2.13 that dimC(P)≤ dlog2 me+1. Since dlog2 2e+1 = 2;dlog2 3e+1, · · · ,dlog2 6e+
1 = 3;dlog2 7e+1, · · · ,dlog2 14e+1 = 4, we see that we need at least 7 candidates for Condorcet
dimension 4. In general, we need 2t−1−1 candidates for Condorcet dimension t. �

Remark 2.15 (Balanced Tournaments). It should be noted that the tournaments used in the proof
by Megiddo and Vishkin (1988) and their corresponding preference profiles have a certain sym-
metry or balance. To find a dominating set of cardinality 3 in a tournament with 7 candidates, all
candidates must have exactly 3 outgoing and 3 ingoing edges, because otherwise we could have
removed more candidates at the start giving a dominating set of lower dimension. Similarly, each
candidate in a tournament with 8 candidates should have at least 3 outgoing and 3 ingoing edges.
The fact that one candidate has an extra outgoing edge in a tournament with 8 candidates does not
affect the creation of a size 3 dominating set through the recursive process.

Generally, if a preference profile with exactly m = 2t−1 candidates has Condorcet dimension
t, it has to correspond to a balanced tournament in which each candidate has exactly 1

2(2
t − 2)

outgoing edges giving a complete graph of (2t − 1) · 1
2(2

t − 2) =
(2t−1

2

)
directed edges. So in

a preference profile with Condorcet dimension t and m ≥ 2t − 1 candidates corresponding to a
balanced tournament, each candidate should dominate at least 1

2(2
t −2) other candidates.

Lastly, consider the sharper lower bound in equation (2.2), proved by Szekeres and Szekeres.

Theorem 2.16 (Szekeres and Szekeres (1965)). A tournament that satisfies property St has at least
(t +2)2t−1−1 candidates.

Proof. Let G be a tournament that satisfies property St and let A = {x1, · · · ,xt−1} be any set of
t−1 candidates in G. Define G(x) for x in G as the induced subgraph of G of those candidates y
of G so that y→ x. If B is a set of candidates and y→ x for all x in B we write x→ B. Let G(A)
denote the intersection of the subgraphs G(xi) for i = 1, · · · , t−1. That is, the nodes of G(A) are
those nodes y of G with the property y→ A.

We claim that G(A) has at least t + 1 candidates. For, suppose G(A) consists of k candidates
y1, · · · ,yk, where k ≤ t. Then, because G satisfies property St , there is a z0 ∈ G so that z0 →
{y1, · · ·yk}. Similarly, there is a z1 ∈ G so that z1 → {z0,x1, · · · ,xt−1}. But z1 → {x1, · · · ,xt−1}
implies that z1 = y j for some j with 1≤ j ≤ k and, hence, z0→ z1, a contradiction.

Call a tournament G a Tt,k-graph if for every set A of t candidates, G(A) contains at least k
candidates. We have just shown that a tournament G with property St is a Tt−1,t+1-graph.

We show by induction on t that every Tt,k-graph has at least

F(t,k) = 2t(k+1)−1

many candidates. The statement is obviously true for t = 0 and every k ≥ 0. Suppose, therefore,
that t > 0 and that the statement is true for all Tt−1,k-graphs.

Let G′ be a Tt,k-graph and let x0 ∈ G′. We show that G′(x0) is a Tt−1,k-graph. Let x1, · · · ,xt−1
be t − 1 candidates of G′(x0). Since G′ is a Tt,k-graph, G′(x0,x1, · · · ,xt−1) contains at least k
candidates y1, · · · ,yk. These candidates are in G′(x0) and y j → {x1, · · · ,xt−1} for j = 1, · · · ,k.
Hence, G′(x0) is a Tt−1,k-graph.

Since G′(x0) is a Tt−1,k-graph, it follows by the induction hypothesis that G′(x0) contains at
least F(t−1,k) candidates. Hence, for every candidate x0 of G′, there are at least F(t−1,k) edges
with endpoint x0. Therefore, the total number of edges in G′ is at least m ·F(t−1,k), where m is
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the number candidates of G′. Hence,

m(2t−1(k+1)−1)≤
(

m
2

)
,

2t(k+1)−1≤ m

which completes the induction.
Now, consider again tournament G, which satisfies property St and is a Tt−1,t+1-graph. By

substituting t for t−1 and k for t +1, we see that

m≥ 2t−1(t +2)−1,

where m is the number of candidates in G. �

Now, the question is for what values of t does a tournament exist that satisfies St and has exactly
order 2t−1(t+2)−1? In other words, for what values of t can we verify that f (t) = 2t−1(t+2)−1.
Szekeres and Szekeres have been able to verify the equality for t = 1,2,3, but not for larger values
of t. The case of t = 1 is trivial. Every Condorcet cycle of 3 candidates satisfies property S1 and,
hence, f (1) = 3. For t = 2 and t = 3, we can construct so-called quadratic residue tournaments
of 7 and 19 candidates that satisfy, respectively, property S2 and S3. The construction of quadratic
residue tournaments will be further discussed in Section 5.1.

Also, Szekeres and Szekeres note the regularity that f (1) = 3, f (2) = 3 + 2× 2 = 7 and
f (3) = 7+3×4. They conjecture that

f (t +1) = f (t)+(t +1)×2t for every t ≥ 1, hence

f (t) = (t−1)×2t +3 for every t ≥ 1.



Chapter 3

Condorcet Cycles

The Condorcet paradox shows that Condorcet’s majority rule cannot determine a single winner
when the preference profile is structured as a Condorcet cycle (see Example 1.4 in Section 1.2).
In general, an n-voter m-candidate profile is a Condorcet cycle of size m with m≥ 3, when the i-th
voter places the j-th candidate in position i+ j−1 mod m (Elkind et al., 2011, p. 188).

In this chapter, we will, first, discuss a proof by Dasgupta and Maskin (2008) showing that
Condorcet’s majority rule outputs a single winner if and only if the domain of admissible prefer-
ence orderings does not contain Condorcet cycles. Dasgupta and Maskin call this the decisiveness
of majority rule.

Second, as Condorcet cycles are necessary for obtaining preference profiles with higher Con-
dorcet dimension, we will analyse the probability of occurrence of Condorcet cycles. Also, we
will prove that the probability of obtaining preference profiles with Condorcet dimension 2 or
lower is more than 1−me−m/18 for an n-voter m-candidate preference profile.

3.1 Cycles as Prerequisite for higher Condorcet Dimension

Dasgupta and Maskin (2008) prove that Condorcet’s majority rule is generically decisive if and
only if the domain of admissible preference profiles satisifes the no-Condorcet-cyle property.

In this section, we will, firstly, formally define decisiveness and generic decisiveness. Secondly,
we will explain what the restriction to a domain without Condorcet cycles entails. Lastly, we will
give a proof of the theorem by Dasgupta and Maskin, showing that cyclic structures are necessary
for constructing preference profiles with higher Condorcet dimension.

In order to be able to define the conditions of the theorem, we need to refine our model such
that it includes the possibility of restricting the domain of preference profiles to some subdomain
of admissible preference profiles and the set of candidates to some subset of candidates. Recall
that we denote the set of all preference orderings by RX . Then, let us denote some subset of
admissible preference orderings by R ⊆RX . Furthermore, we can define a restriction of the set of
candidates to a smaller subset, Y ⊆ X , where for any strict ordering �i of a voter i, �i |Y denotes
the restriction of the strict linear ordering to Y . For any Y ⊆ X , let P|Y denote the restriction of
the preference profile P to Y , where for an aggregation function F (defined in Section 1.1), if
P|Y = P0|Y , then F(P,Y ) = F(P0,Y ).

3.1.1 Decisiveness

When a voting rule is able to choose a single winner for every possible set of candidates and every
preference profile over this set of candidates, we will say that the rule is decisive.

Definition 3.1 (Decisiveness). An aggregation funtion F : R →R is decisive on R if for every
subset of candidates Y ⊆ X and every preference profile P on R, the output F(P,Y ) is a singleton.

♦

21
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In particular, for Condorcet’s majority rule decisiveness means that the Condorcet winning
set consists of a unique element - the Condorcet winner. It is, however, quite a strong definition,
because it rules out majority ties. Suppose that Y = {a,b} and that exactly half of the voters prefer
a to b and the other half prefer b to a, then no neutral voting rule will be able to choose between a
and b. As Dasgupta and Maskin rightly point out, majority ties are knife-edge phenomena because
they require that the population is split precisely in half (Dasgupta and Maskin, 2008, p.958). Be-
cause of the infrequency of majority ties and our general interest in tournaments that correspond
to preference profiles without majority ties, we disregard preference profiles with majority ties as
irregular and refine the definition of decisiveness to preference profiles without majority ties.

As we want to disregard preference profiles with majority ties as irregular, we will first form-
ally define when a preference profile P is regular on R. Let S be a subset of R+, which we call an
exceptional set, and let us denote the fraction of voters preferring a to b by qP(a,b) for every pair
of candidates a,b ∈ X . So, formally, for every pair of candidates a,b ∈ X and a 6= b,

qP(a,b) :=
|{i ∈V : a�i b}|

|V |

Then, we can define a preference profile P to be regular with respect to the exceptional set S as
follows:

Definition 3.2 (Regularity). A profile P on R is regular with respect to the exceptional set S if,
for all alternatives a and b with a 6= b,

qP(a,b)/qP(b,a) /∈ S

where qP(a,b) := |{i∈V :a�ib}|
|V | is the fraction of the voters preferring a to b in the preference profile

P. ♦

Since we want a preference profile P to be regular when it contains no majority ties, we will
consider S = {1}. This means that all possible proportions of voters preferring one alternative
to another (except the 50− 50 split) fall outside the exceptional set. Hence, a preference profile
P will be regular with respect to S = {1}when for every pair of candidates, there is no majority tie.

With the definition of regularity, we can refine our definition of decisiveness to preference pro-
files without majority ties.

Definition 3.3 (Generic Decisiveness). An aggregation funtion F : R→R is generically decisive
on R if there exists a finite exceptional set S such that, for every subset of candidates Y ⊆ X and
all preference profiles P on R that are regular with respect to S, F(P,Y ) is a singleton. ♦

Specifically, we will analyse when Condorcet’s majority rule is generically decisive on R with
respect to S = {1}, i.e. when the Condorcet winning set F(P,Y ) is a singleton for all preference
profiles P over the set of candidates Y that are regular with respect to S = {1}.

3.1.2 No-Condorcet-Cycle Domain Restriction

Having defined decisiveness and generic decisiveness, which is the restriction of decisiveness to
preference profiles without majority ties, there is another condition which has to be explicated
before turning to the theorem by Dasgupta and Maskin. Dasgupta and Maskin prove that Con-
dorcet’s majority rule is generically decisive on domain R if and only if the domain does not
contain Condorcet cycles. They call this the no-Condorcet-cycle property.

To obtain that property, we first note that for every three alternatives a,b,c∈X , there are 3!= 6
logically possible strict orderings. These orderings can be sorted into two different Condorcet
cycles, shown in tables 3.1 and 3.2.
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Table 3.1 – Cycle 1

a b c
b c a
c a b

Table 3.2 – Cycle 2

a c b
c b a
b a c

Then, the no-Condorcet-cycle property means that for every triple of alternatives, at least one
ordering is missing from both cycle 1 and cycle 2.

Definition 3.4 (No-Condorcet-Cycle Property). For each triple of alternatives {a,b,c}, there exists
no individual preference orderings R,R′,R′′ in R that, when restricted to {a,b,c}, generate cycle
1 or cycle 2. ♦

In general, for m ≥ 3 candidates, there are
(m

3

)
subsets of 3 alternatives and, hence, 2×

(m
3

)
possible cycles of 3 alternatives. It is easy to see that a cycle of more than 3 candidates always
contains the orderings of at least one cycle of 3 candidates. Therefore, excluding cycles for every
triple of alternatives is sufficient to exclude all possible Condorcet cycles. In fact, every cycle of
m candidates does not only contain the orderings of at least one 3-cycle, these orderings also form
a cycle for at least one triple of alternatives. That is, the number of voters having each of the
orderings of the cycle is such that a� b� c� a.

Proposition 3.5. In a Condorcet cycle with m > 3 candidates, there is a triple of alternatives
{a,b,c} which forms a 3-cycle with majority ties if m = 4 and without ties otherwise.

Proof. Consider the triple {1,dm/2e,m−1}. Suppose that m is even, then dm/2e= m/2. We see
that candidate 1 beats candidate m/2 in m− (m/2−1) = m/2+1 of the orderings, because m/2
is only ranked above 1 in the orderings of voters 2, ...,m/2. Hence, 1 � m/2. Also, we see that
candidate m/2 beats candidate m− 1 in m/2+ 1 of the ordering, because m/2 is ranked above
m− 1 in the orderings of the first m/2 voters and in the ordering of the last voter. Lastly, we see
that candidate m− 1 beats candidate 1 in m− 2 of the orderings, because candidate 1 is ranked
above candidate m−1 only in the orderings of the first and the last voter. Therefore, for m 6= 4 and
m even, we get 1� m/2� m−1� 1. For m = 4, we have that m−2 = 2, which gives a majority
tie between m−1 and 1.

Now, suppose that m is odd. When m is odd, we note that dm/2e > 1
2 . Then, we again see

that candidate 1 beats candidate dm/2e in m− (dm/2e− 1) of the orderings. For m is odd this
gives: m− (dm/2e−1) = bm/2c+1 = dm/2e> 1

2 . Also, candidate dm/2e beats candidate m−1
in dm/2e+ 1 of the orderings, because candidate dm/2e is ranked above candidate m− 1 in the
orderings of the first dm/2e voters and in the ordering of the last voter. Lastly, we see again that
candidate m− 1 beats candidate 1 in m− 2 of the orderings. Hence, we get that 1 � dm/2e �
m−1� 1 when m is odd. �

Example 3.6. To clarify the proof of proposition 3.5, we will give an example of the cases where
m = 4, m = 7, m = 8.

In Table 3.3 we see that a beats b in m/2+1= 3 voter orderings. Also, b beats c in m/2+1= 3
voter orderings. And c ties with a as it beats a in m−2 = 2 orderings. Therefore, a� b� c� a.

In Table 3.4 we see that a beats d in dm/2e= 4 voter orderings. Also, we see that candidate d
beats candidate f in dm/2e+1= 5 voter orderings. And candidate f beats candidate a in m−2= 5
voter orderings. Hence, a� d � f � a.

In Table 3.5 we see that a beats d in m/2+1 = 5 voter orderings. Also, we see that candidate d
beats candidate g in m/2+1= 5 voter orderings. Lastly, candidate g beats candidate a in m−2= 6
voter orderings. Therefore, a� d � g� a. 4

So far, we have discussed the no-Condorcet-cycle property in relation to “simple” cycles, where
in an n-voter m-candidate preference profile the i-th voter places the j-the candidate in position
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Table 3.3 – Cycle 4

a b c d
b c d a
c d a b
d a b c

Table 3.4 – Cycle 7

a b c d e f g
b c d e f g a
c d e f g a b
d e f g a b c
e f g a b c d
f g a b c d e
g a b c d e f

Table 3.5 – Cycle 8

a b c d e f g h
b c d e f g h a
c d e f g h a b
d e f g h a b c
e f g h a b c d
f g h a b c d e
g h a b c d e f
h a b c d e f g

i+ j− 1 modulo m However, these cycles can come in complex structures and it is a complex
structure that we will need to construct higher dimensional Condorcet winning sets. It can be
shown that every “simple” Condorcet cycle of size m ∈ N has Condorcet dimension 2.

Proposition 3.7 (Elkind et al. (2011)). For an n-voter, m-candidate preference profile P, with
m ≥ 3, where the i-th voter places the j-the candidate in position i+ j− 1 mod m, we have that
dimC(P) = 2.

Proof. Consider the set of candidates Y = {1,bm/2c+ 1}. We see that candidate 1 beats can-
didates 2, · · · ,bm/2c in at least dm/2e+ 1 orderings, because candidate 1 is placed above these
candidates by the first voter and by the last m−bm/2c= dm/2e voters. Also, candidate bm/2c+1
beats candidates bm/2c+ 2, · · · ,m in at least bm/2c+ 1 orderings, because candidate bm/2c+ 1
is placed above these candidates in the orderings of the first bm/2c+1 voters. Hence, for all can-
didates z ∈ X\Y , there is a candidate in Y which is preferred by a majority of voters over z. This
means that Y = {1,bm/2c+1} is a dominating set and, thus, Y forms a Condorcet winning set.

In general, the candidate set {x,(x+bm/2c+1 mod m)} is a Condorcet winning set, because
the candidates x, · · · ,x+bm/2c (mod m) are beaten by x in at least dm/2e+1 votes and candidates
(x+ bm/2c+ 2 mod m), · · · ,(x− 1 mod m) are beaten by (x+ bm/2c+ 1 mod m) in at least
bm/2c+1 orderings. �

3.1.3 The Robustness of Condorcet’s Majority Rule

We will now turn to the proof of the theorem by Dasgupta and Maskin showing that Condorcet’s
majority rule is generically decisive if and only if the domain satisfies the no-Condorcet-cycle
property. This theorem is part of a broader claim by Dasgupta and Maskin concerning the “ro-
bustness” of majority rule. They show that majority rule satisfies ‘five standard and attractive
axioms - the Pareto property, anonymity, neutrality, indepence of irrelevant alternatives, and (gen-
eric) decisiveness - over a larger class of preference domains than (essentially) any other voting
rule’ (Dasgupta and Maskin, 2008, p.949). Specifically, they establish that if a given voting rule
satisfies the axioms on a domain, then majority rule does so too on that domain. Conversely, for
every voting rule that is not majority rule, there exists a domain on which majority rule satsifies
the axioms but the other voting rule does not. Given this broader claim by Dasgupta and Maskin,
the theorem that we discuss in this section implies that every voting rule on a domain, which does
not satisfy the no-Condorcet-cycle property, will fail to satisfy at least one of the axioms.

It should be noted that our presentation of the theorem slightly differs from the presentation
by Dagsupta and Maskin. While Dasgupta and Maskin use a continuum of voters, we use a finite
set |V |, which reflects in another definition of regularity and, hence, in another notion of generic
decisiveness. Moreover, Dasgupta and Maskin do not explicate whether they interpret the winning
set F(P,Y ) as a dominating set or a Condorcet winning set. They only define what it means for the
set F(P,Y ) to have a single Condorcet winner:

F(P,Y ) = {x ∈ Y : qP(x,y)≥ qP(y,x) ∀y ∈ Y −{x}}
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Although it does not change the proof of the theorem, we interpret the set F(P,Y ) as a Condorcet
winning set.

Theorem 3.8 (Dasgupta and Maskin (2008)). Majority Rule is generically decisive on domain R
iff R satisfies the no-Condorcet-cycle property.

Proof. Let us first consider one direction: if majority rule is generically decisive, then R satisfies
the no-Condorcet-cycle property. We prove by contrapositive. Suppose there exists a Condorcet
cycle for alternatives {a,b,c} in R, then for the subset of candidates Y = {a,b,c} majority rule
produces a cycle. We have Condorcet’s paradox. It follows that F(P,Y ) is not a singleton for
Y = {a,b,c}. Hence, majority rule cannot produce a single Condorcet winner for all the prefer-
ence profiles on R over all the possible sets of candidates. Therefore, by definition, Condorcet’s
majority rule is not generically decisive.

We will now consider the other direction, which will require the construction of Condorcet
cycles: if R satisfies the no-Condorcet-cycle property, then majority rule is generically decisive.
Again, we prove by contrapositive. Suppose majority rule is not generically decisive on domain
R. Then, by definition, for an exceptional set S there must exist a candidate set Y and a preference
profile P on R that is regular with respect to S but for which F(P,Y ) is either empty or contains
multiple alternatives. Let us take S = {1} in order to exclude majority ties, as explained in relation
to regularity (Definition 3.2). If a profile P is regular with respect to S = {1} and F(P,Y ) contains
multiple alternatives, then there exist a,b∈ F(P,Y ) with a 6= b such that qP(a,b) = qP(b,a) = 1/2,
for otherwise either a or b could be taken out of the winning set. Hence, we see that,

qP(a,b)/qP(b,a) = 1 ∈ S

contradicting P’s regularity with respect to S = {1}.
Therefore, F(P,Y ) must be empty. Now, we will show by construction that this will give a

Condorcet cycle. Choose x1 ∈ Y . Since x1 /∈ F(P,Y ), there exists an x2 ∈ Y such that

qP(x2,x1)>
1
2
.

Similarly, because x2 /∈ F(P,Y ), there exists an x3 ∈ Y such that

qP(x3,x2)>
1
2
.

As there are only finitely many alternatives in X and, hence, in Y ⊆ X , we cannot continue in this
way infinitely. Therefore, we must eventually reach xt ∈ Y such that

qP(xt ,xt−1)>
1
2

(3.1)

but for which there exists a τ < t such that

qP(xτ ,xt)>
1
2

(3.2)

since also xt /∈ F(P,Y ). If t is the smallest index for which equation (3.2) holds, then assuming
that t−1 > τ , it must be that

qP(xt−1,xτ)>
1
2
. (3.3)

Note that we can assume t−1 > τ , because otherwise we would have t−1 = τ , contradicting with
equation (3.1) that xτ is preferred by a majority over xt .
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Combining equations (3.1) and (3.3), we conclude that there must be a positive fraction of
voters in P who prefer xt to xt−1 and xt−1 to xτ . That is,

xt � xt−1 � xτ . (3.4)

Similarly, equations (3.1) and (3.2) yield,

xτ � xt � xt−1. (3.5)

And, equations (3.2) and (3.3) give,

xt−1 � xτ � xt . (3.6)

Together, equations (3.4), (3.5) and (3.6) form a Condorcet cycle. Hence, if majority rule is not
generically decisive, then it does not satisfy the no-Condorcet-cycle property. �

A similar result has been obtained by Inada (1969) for the case of a finite and odd number
of voters. Inada establishes that a condition equivalent to the no-Condorcet-cycle property is
necessary and sufficient for Condorcet’s majority rule to be transitive.

The theorem by Dasgupta and Maskin is fundamental to our research, because it shows that the
cyclic structure of the preference profile is a necessary condition for obtaining higher dimensional
Condorcet winning sets.

3.2 The Probability of Cycles

As Condorcet cycles are necessary for obtaining a preference profile that does not have a Con-
dorcet winner, it is interesting to know the probability of the occurrence of Condorcet cycles. This
probability has been extensively studied in the social choice literature. For example, Jones et al.
(1995) have used computer simulations to determine the probability of Condorcet cycles. Their
method entailed that they generated a preference ordering for each of the n individuals (selected
according to a uniform probability distribution from the set of all possible transitive preference
orderings for the m candidates), stored each individual’s preferences for all pairwise comparisons
over the given candidates, and computed the resulting collective preference ordering (Jones et al.,
1995, p. 138). Their results show that given voters’ strict preference orderings over the set of
candidates, the probability of the existence of a Condorcet winner decreases with increases in the
number of candidates as well as with increases in the number of voters. And given weak prefer-
ence orderings of the voters, the probability of the existence of a Condorcet winner decreases with
increases in the number of candidates but increases with increases in the number of voters.

The results by Jones et al., like most other results about the probability of cycles, rely on an
equiprobability assumption, called the impartial culture assumption (Gehrlein, 1983, p.169). Un-
der this assumption, each of the m! logically possible strict preference orderings over m candidates
are assumed to be equally likely to be submitted by an individual. This assumption is not neces-
sarily “realistic”, because usually preference orderings are not really uniformly distributed in the
electorate.

In response, List (2001) shows that the slightest systematic deviation from the impartial culture
assumption is already sufficient to circumvent the standard results concerning an increase in the
probability of a Condorcet cycle when the number of voters with strict preference orderings over
the set of candidates increases. He shows for any ε > 0 that in any ε-neighbourhood of the impar-
tial culture assumption there are both probability distributions over the preference orderings such
that the probability of the occurrence of a Condorcet cycle converges to 0 as the number of voters
increases, and probability distributions over the preference orderings such that the probability of
the occurrence of a Condorcet cycle converges to 1 as the number of voters increases.
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Hence, whether the probability of the occurrence of Condorcet cycles increases or decreases
with an increase in the number of voters depends on the probability distribution over the prefer-
ence orderings and on whether these preference orderings are weak or strict orderings. An increase
in the number of candidates, however, is likely to always increase the probability of cycles. But
then, for our constructing purposes, an increase in the number of candidates in a tournament is
also likely to make the transformation to a corresponding preference profile significantly more
complex.

In order to construct a preference profile whose Condorcet dimension exceeds 3, we have to think
of a more complex cyclic structure than a “simple” Condorcet cycle, as a “simple” Condorcet
cycle always gives Condorcet dimension 2 (see Proposition 3.7). Using Theorem A.1.4. of Alon
and Spencer (2008), we can determine the probability that an arbitrary 2-candidate subset of the
set of candidates X is a Condorcet winning set.

Theorem 3.9 (Alon and Spencer (2008)). Assume that p1, · · · , pn ∈ [0,1], X1, · · · ,Xn are mutually
independent with Pr[Xi = 1− pi] = pi and Pr[Xi =−pi] = 1− pi, p = (p1 + · · ·+ pn)/n and X =
X1 + · · ·+Xn. Then, with a > 0,

Pr[X > a]< e−2a2/n

Let us first prove the theorem by Alon and Spencer before using it to prove the probability of
a 2-candidate Condorcet winning set. To prove the theorem by Alon and Spencer, we need the
following lemma:

Lemma 3.10 (Alon and Spencer (2008)). For all reals α,β with |α| ≤ 1,

cosh(β )+α sinh(β )≤ eβ 2/2+αβ . (3.7)

Proof. Recall that cosh(x) = (ex+e−x)/2 and sinh(x) = (ex−e−x)/2. For large x, cosh(x)≈ ex/2
and sinh(x)≈ ex/2. Equation (3.7) is immediate for α =±1 or |β | ≥ 100.

If the lemma were false, then on the rectangle R = {(α,β ) : |α| ≤ 1, |β | ≤ 100} the function
f (α,β ) = cosh(β )+α sinh(β )− eβ 2/2+αβ would have a positive global maximum.

Now observe that

d
dx

cosh(x) =
d
dx

(ex + e−x)/2 = (ex− e−x)/2 = sinh(x)

d
dx

sinh(x) =
d
dx

(ex− e−x)/2 = (ex + e−x)/2 = cosh(x)

Then, we have the derivatives,

d
dα

f (α,β ) = sinh(β )−βeβ 2/2+αβ

d
dβ

f (α,β ) = sinh(β )+α cosh(β )− (α +β )eβ 2/2+αβ

Setting the derivatives to 0, we get

sinh(β ) = βeβ 2/2+αβ and,

α cosh(β ) = (α +β )eβ 2/2+αβ − sinh(β ) or, equivalently,

α cosh(β ) = αeβ 2/2+αβ and, thus,

cosh(β ) = eβ 2/2+αβ

and, thus, we see that tanh(β ) = β , which implies β = 0. But then, f (α,0) = 0 for all α , a
contradiction. Hence, f (α,β ) does not assume a positive global maximum on R and the lemma is
proved. �
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Let us now prove Theorem 3.9.

Proof of Theorem 3.9. Using lemma 3.10, we see that for all θ ∈ [0,1] and all λ ,

θeλ (1−θ)+(1−θ)e−λθ ≤ eλ 2/8 (3.8)

as we can set θ = 1
2(1+α) and λ = 2β to obtain formula 3.7:

1
2
(1+α)e2β · 12 (1−α)+

1
2
(1−α)e−2β · 12 (1+α) ≤ e4β 2/8 or,

1
2
(1+α)eβ−αβ +

1
2
(1−α)e−β−αβ ≤ eβ 2/2 equivalently,

1
2
(eβ + e−β )+

α

2
(eβ − e−β )≤ eβ 2/2+αβ and, thus,

cosh(β )+α sinh(β )≤ eβ 2/2+αβ .

Let, for the moment, λ > 0 be arbitrary. For θ = pi and λ > 0, we have by equation 3.8,

E[eλXi ] = pieλ (1−pi)+(1− pi)e−λ pi ≤ eλ 2/8

Then,

E[eλX ] = ∏E[eλXi ]≤ eλ 2n/8

Applying Markov’s inequality,

Pr[X > a] = Pr[eλX > eλa]< E[eλX ]/eλa ≤ eλ 2n/8−λa

We set λ = 4a/n to optimize the inequality, giving Pr[X > a]< e−2a2/n as claimed. �

Using Theorem 3.9 by Alon and Spencer (2008), we can determine the probability that a 2-
candidates subset of X is a Condorcet winning set.

Theorem 3.11 (Elkind et al. (2015)). Let P be an n-voter preference profile over a set of candidates
X, X = m, obtained by drawing each of the n votes uniformly at random from all permutations
of X, RX . Let S = {a,b} be an arbitrary 2-candidate subset of X. Then, with probability at
least 1−me−n/18 the set S is a Condorcet winning set for P. Moreover, with probability at least
1−m3e−n/18/2 every size-2 subset of X is a Condorcet winning set.1

Proof. Let S = {a,b} be an arbitrary 2-element subset of X . Consider an arbitrary candidate
c ∈ X\{a,b}. For every triple of candidates, {a,b,c}, there are 3! = 6 possible permutations,
shown in Table 3.6.

Table 3.6 – Permutations for 3 candidates

1 2 3 4 5 6
a a b b c c
b c a c a b
c b c a b a

By the impartial culture assumption (Gehrlein, 1983, p.169), any given vote is equally likely
to contain any of these 6 permutations. We see that in 4 out of the 6 permutations, either a or b is

1 The original proposition of Elkind et al. (2015) gives an upperbound of 1−me−n/24 instead of 1−me−n/18. It is
not clear which theorem they have used to compute this.
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ranked above c. Therefore, with probability 2
3 in any given vote either a or b is ranked above c and

the expected number of votes in which either a or b beats c is 2n
3 .

We want to know the probability that {a,b} is a Condorcet winning set and, hence, that either
a or b beats c in more than half of the votes. Let Xi be the event that c is placed above a and b in
permutation i and let pi for 1≤ i≤ n be the probability of event Xi. We have pi =

1
3 and 1− pi =

2
3 .

Let Pr[Xi =
2
3 ] =

1
3 and Pr[Xi =−1

3 ] =
2
3 . Note that this gives E[X ] = E[Xi] = 0.

Now, for X = X1 + · · ·+ Xn, we see that exactly half of the voters prefer c to a and b if
X = n

2(
2
3 −

1
3) =

n
6 . Therefore, let a = n

6 . Using Theorem 3.9, we see that the probability that
c dominates {a,b} is:

Pr[X >
n
6
]< e−2 n2

36 /n = e−n/18

By the union bound, the probability that {a,b} is not a Condorcet winning set is at most
me−n/18. It should be noted that the union bound overestimates the actual probability, because two
candidates might beat a and b in the same orderings. The union bound would only make an exact
estimation if the events were disjoint.

The claim follows that with a probability of at least 1−me−n/18 the set S is a Condorcet win-
ning set for P.

To prove the second claim, we observe that there are
(m

2

)
size-2 subsets of X . This is bounded

above by m2/2: (
m
2

)
=

m(m−1)
2

<
m2

2
.

Applying the union bound again gives that with a probability of at most m3e−n/18/2 there is no
size-2 Condorcet winning set on P. Hence, the claim follows that with probability at least 1−
m3e−n/18/2 every size-2 subset of X is a Condorcet winning set. �

As the probability of a 2-candidate Condorcet winning set is quite large, we think that a random-
ised approach towards constructing preference profiles whose Condorcet dimension exceeds 2 or
3 is less likely to give new results than a constructive approach.



Chapter 4

Kronecker Preference Profiles

Constructing a preference profile whose Condorcet dimension exceeds 1 is easy, because every
Condorcet cycle of size m, where m ≥ 3, has Condorcet dimension 2. However, constructing a
profile with a Condorcet dimension that exceeds 2 is rather difficult.

The smallest preference profile of Condorcet dimension 3 was found by Geist (2014) with an
SAT-solver. It has 6 voters and 6 candidates, X = {a,b,c,d,e, f}, and is shown in Table 4.1. With
the SAT-solver, Geist could verify that there is no preference profiles with Condorcet dimension 3
that has a smaller number of voters and/or a smaller number of candidates.

Table 4.1 – Smallest Condorcet Dimension 3 Preference Profile

v1 v2 v3 v4 v5 v6

a b c d e f
b c d f a e
c e f b d a
d d a e b b
e f e a c c
f a b c f d

The smallest preference profile of Condorcet dimension 3 found by Geist is interesting, but it
has on first sight no regularity that could be extended for finding other preference profiles of Con-
dorcet dimension 3 or for finding preference profiles with higher Condorcet dimension. Also, the
preference profile does not have a corresponding tournament, as it contains majority ties between
pairs of candidates. For example, there is a majority tie between candidates a and d.

In this chapter, we will look at the construction by Elkind et al. (2015) of preference profiles
with Condorcet dimension 3, which has a clear cyclic structure that can be extended to a larger
number of voters and candidates. Firstly, we will discuss the Kronecker product, which is used to
construct the preference profiles with Condorcet dimension 3. The resulting preference profiles
will be called Kronecker preference profiles. Secondly, we will analyse the smallest Kronecker
preference profile of Condorcet dimension 3 with an odd number of voters, its tournament and the
smallest Kronecker preference profile with an even number of voters. Thirdly, we will generalise
the structure of the Kronecker preference profile to any number p ·q of voters and candidates. We
will give some necessary conditions on the Kronecker preference profiles for obtaining Condorcet
dimension 3. Furthermore, we will show that extending the structure to more voters and candidates
or to more levels of cycles will not give a higher Condorcet dimension. That is, the Condorcet
dimension of Kronecker preference profiles is bounded above by 3.

30
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4.1 The Kronecker Product

Using the Kronecker product, Elkind et al. (2011) have shown that there exist profiles with Con-
dorcet dimension 3. The Kronecker product originates in linear algebra and is defined as follows:

Definition 4.1 (Kronecker Product). Let A = (ai j) be an m× n-matrix and let B = (bkl) be an
r× s-matrix. The Kronecker product of A and B is an mr×ns - matrix A⊗B of the form: a11B · · · a1nB

· · · · · · · · ·
am1B · · · amnB


♦

Example 4.2. The idea of the Kronecker product is that each element of matrix A forms a box in
which we put matrix B. We multiply the “box-element” of matrix A by each element of matrix B,
as shown in Table 4.2. 4

Table 4.2 – Kronecker Product

[
1 2
3 4

]
⊗

 0 5
6 7
8 9

=



1×0 1×5 2×0 2×5
1×6 1×7 2×6 2×7
1×8 1×9 2×8 2×9
3×0 3×5 4×0 4×5
3×6 3×7 4×6 4×7
3×8 3×9 4×8 4×9



Since we can associate each preference profile with a matrix, we can likewise take the Kronecker
product of preference profiles.

Definition 4.3 (Kronecker Preference Profile). Let P be an m-voter, n-candidate preference profile
that has candidate set A = {a1, ...,an} and let Q be an r-voter, s-candidate preference profile that
has candidate set B = {b1, ...,bs}. The preference profile P can be associated with a matrix M(P):
the ith etnry in the jth column of M(P) is the name of the candidate that is ranked in the ith
position by the jth voter. Similarly, preference profile Q can be associated with a matrix M(Q).
Then, the Kronecker product over the preference profiles P and Q, P⊗Q, is a preference profile
over the set of candidates A×B corresponding to the matrix M(P)⊗M(Q) where we identify the
product ai×b j with the pair (ai,b j). ♦

Table 4.3 – P⊗Q

v1 v2 v3 v4

(a,d) (a,e) (c,d) (c,e)
(a,e) (a,d) (c,e) (c,d)
(b,d) (b,e) (a,d) (a,e)
(b,e) (b,d) (a,e) (a,d)
(c,d) (c,e) (b,d) (b,e)
(c,e) (c,e) (b,e) (b,d)
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Example 4.4. Consider the preference profile P = 〈abc,cab〉 over the set of candidates X =
{a,b,c} and the preference profile Q = 〈de,ed〉 over the set of candidates Y = {d,e}. Then,
the Kronecker product P⊗Q is given by the matrix in Table 4.3.

For example, we see that the first voter in P⊗Q has the preference ordering:

(a,d)� (a,e)� (b,d)� (b,e)� (c,d)� (c,e)

over the candidate set {(i, j)|i ∈ {a,b,c}, j ∈ {d,e}}. 4

4.2 The Smallest Dimension 3 Kronecker Profiles

In this section, we will discuss the smallest Kronecker preference profiles of Condorcet dimension
3. We will distinguish a profile with an odd number of voters from a profile with an even number
of voters. As the number of voters equals the number of candidates in a Kronecker preference
profile, we could also have made a distinction between an odd and an even number of candidates.
We will also briefly discuss the corresponding tournament of the Kronecker preference profile
with an odd number of voters and candidates.

The Kronecker preference profiles of Condorcet dimension 3 are structured as a cycle of cycles
and the proofs in this section show that the Condorcet dimension exceeds 2 exactly because of this
two-level cyclic structure.

4.2.1 Odd Number of Voters

The smallest Kronecker preference profile of Condorcet dimension 3 with an odd number of voters
is a 15-voter, 15-candidate preference profile, shown in Table 4.4 and denoted by P3⊗Q5 The table
shows that P3⊗Q5 is not a Kronecker product of any 3-candidate preference profile P3 and any
5-candidate preference profile Q5: it is a Kronecker product of two Condorcet cycles giving the
structure of a cycle of cycles.

Formally, let P3 be the Condorcet cycle over A = {0,1,2} and let Q5 be the Condorcet cycle
over B = {0,1,2,3,4}. Then, preference profile P3⊗Q5 is the preference profile over the set of
candidates A×B, where the element (i, j) is identified by 5i+ j+1.

Table 4.4 – Kronecker Preference Profile P3⊗Q5

P3

v1 v2 v3

1 2 3
2 3 1
3 1 2

Q5

v1 v2 v3 v4 v5

1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4

P3⊗Q5

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 v15

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 3 4 5 1 7 8 9 10 6 12 13 14 15 11
3 4 5 1 2 8 9 10 6 7 13 14 15 11 12
4 5 1 2 3 9 10 6 7 8 14 15 11 12 13
5 1 2 3 4 10 6 7 8 9 15 11 12 13 14
6 7 8 9 10 11 12 13 14 15 1 2 3 4 5
7 8 9 10 6 12 13 14 15 11 2 3 4 5 1
8 9 10 6 7 13 14 15 11 12 3 4 5 1 2
9 10 6 7 8 14 15 11 12 13 4 5 1 2 3
10 6 7 8 9 15 11 12 13 14 5 1 2 3 4
11 12 13 14 15 1 2 3 4 5 6 7 8 9 10
12 13 14 15 11 2 3 4 5 1 7 8 9 10 6
13 14 15 11 12 3 4 5 1 2 8 9 10 6 7
14 15 11 12 13 4 5 1 2 3 9 10 6 7 8
15 11 12 13 14 5 1 2 3 4 10 6 7 8 9
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In the proof of proposition 4.5, we will show that the Kronecker preference profile P3⊗Q5 has
Condorcet dimension 3.

Proposition 4.5. For the Kronecker preference profile P3⊗Q5 over A×B, where P3 is a Condorcet
cycle over A = {0,1,2}, Q5 is a Condorcet cycle over B = {0,1,2,3,4} and each element (i, j) is
identified by 5i+ j+1, we have that dimC(P3⊗Q5) = 3.

Proof. As preference profile P3⊗Q5 consists of a cycle of cycles, it is immediate that it does
not have a Condorcet winner. Now, suppose that S is a Condorcet winning set of size 2 for
P3⊗Q5. For every i ∈ A, let Ti = {(i, j)| j ∈ B}. That is, T0 is the blue Condorcet cycle over
{1,2,3,4,5}, T1 is the red Condorcet cycle over {6,7,8,9,10} and T2 is the white Condorcet cycle
over {11,12,13,14,15}. Assume first that S ⊆ Ti for some i ∈ A. By symmetry, we can assume
that S ⊆ T0. Since T0,T1 and T2 form a Condorcet cycle, the candidates in T2 are not covered if
S⊆ T0, a condtradiction. Hence, it must be that |S∩Ti|= 1 and |S∩Tj|= 1 for i 6= j. By symmetry,
we can assume that |S∩T0|= 1 and |S∩T1|= 1, i.e. S = {(0,k),(1, l)} for some k, l ∈ B. Then, we
see that the elements in T1 are beaten in 2

3 of the voter’s orderings by (0,k) and the elements in T2
are beaten in 2

3 of the voter’s orderings by (1, l). However, consider the elements in T0. They are
ranked below the element (1, l) ∈ T1 in 1

3 of the voter’s orderings, i.e. in 5 votes. This means that
each element (0,k′) ∈ T0, where k′ 6= k, should be beaten by (0,k) in at least 3 more votes. Now,
consider (0,k′) in T0, where k′ = k+ 4 mod 5. This candidate is ranked below (0,k) in exactly
one voter per cycle, meaning that there are exactly 3 votes in which (0,k) beats (0,k′). In one of
these votes (0,k′) is ranked below both (0,k) and (1, l). So in total, (0,k′) is ranked below (0,k) or
(1, l) in 7 votes. A contradiction, (0,k′) is not covered by S = {(0,k),(1, l)}, which, hence, does
not form a Condorcet winning set.

Finally, we can see that P3 ⊗Q5 has a Condorcet winning set of size 3. As (0,k′) is not
beaten by {(0,k),(1, l)} we have to add another candidate in order to make it a Condorcet winning
set. We see that candidate (0,k′) is the only candidate that is not beaten by {(0,k),(1, l)} in
P3⊗Q5. For example, consider candidate (0,z), where z = k+3 mod 5. This candidate is ranked
below candidate (0,k) in exactly 2 votes per cycle. Therefore, it is ranked below (0,k) or (1, l)
in 5+ 4 = 9 votes and, thus, S = {(0,k),(1, l)} is preferred over (0,z) by the majority of voters.
Since (0,k′) is the only candidate that is not beaten, we can form a Condorcet winning set by
adding (0,k′), i.e. S′ = {(0,k),(1, l),(0,k′)} would be a Condorcet winning set.

A simpler construction of a size-3 winning set would be to take an element of each cycle Ti, i.e.
{(0,k),(1, l),(2,r)} for some k, l,r ∈ B. This forms a Condorcet winning set, because an element
in Ti is beaten by an element in T(i−1 mod 3) in the majority of votes. �

As the proof makes clear, the Condorcet dimension of P3⊗Q5 exceeds 2 exactly because of the
two-level cyclic structure in the preference profile. That is, the outer-cycle necessitates a winning
set of at least 2 candidates from different inner-cycles and because any 2 candidates from different
inner-cycles do not cover every element in their inner-cycle, a third candidate has to be added to
make the set a winning set.

While P3⊗Q5 is a preference profile with Condorcet dimension 3, P5⊗Q3 has Condorcet di-
mension 2. The profile is shown in Table 4.5.

Proposition 4.6. For the Kronecker preference profile P5⊗Q3 over A×B, where P5 is a Condorcet
cycle over A = {0,1,2,3,4}, Q3 is a Condorcet cycle over B = {0,1,2} and each element (i, j) is
identified by 3i+ j+1, we have that dimC(P5⊗Q3) = 2.

Proof. Again, as the profile consists of cycles, it does not have a Condorcet winner. For every
i ∈ A, let Ti = {(i, j)| j ∈ B}. Now, we see that the set {(0,k),(3, l)} for some k, l ∈ A forms a
winning set. The candidates in T1 and T2 are beaten by (0,k) ∈ T0 in at least 3

5 of the voter’s
orderings, i.e. in at least 9 votes. The candidates in T4 and T0 are beaten by (3, l) in at least 3

5 of
the votes. Lastly, we see that the candidates in T3 are beaten by (0,k) in 2

5 of the votes, i.e. in 6
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Table 4.5 – Kronecker Preference Profile P5⊗Q3

P5⊗Q3

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 v15

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 3 1 5 6 4 8 9 7 11 12 10 14 15 13
3 1 2 6 4 5 9 7 8 12 10 11 15 13 14
4 5 6 7 8 9 10 11 12 13 14 15 1 2 3
5 6 4 8 9 7 11 12 10 14 15 13 2 3 1
6 4 5 9 7 8 12 10 11 15 13 14 3 1 2
7 8 9 10 11 12 13 14 15 1 2 3 4 5 6
8 9 7 11 12 10 14 15 13 2 3 1 5 6 4
9 7 8 12 10 11 15 13 14 3 1 2 6 4 5
10 11 12 13 14 15 1 2 3 4 5 6 7 8 9
11 12 10 14 15 13 2 3 1 5 6 4 8 9 7
12 10 11 15 13 14 3 1 2 6 4 5 9 7 8
13 14 15 1 2 3 4 5 6 7 8 9 10 11 12
14 15 13 2 3 1 5 6 4 8 9 7 11 12 10
15 13 14 3 1 2 6 4 5 9 7 8 12 10 11

votes. They are beaten by (3, l) in at least 1 vote per cycle, so in 5 votes. In 2 of these 5 votes, they
are beaten both by (0,k) and (3, l). Therefore, the elements (3, j), where j 6= l, are ranked below
(0,k) or (3, l) in at least 9 votes in total. �

Remark 4.7. In general, the set {(i,k),(i+ bp/2c+ 1 mod p, l)}, for some k, l ∈ B, forms a
winning set for a Kronecker preference profile Pp⊗Q3. This shows that the length of the inner
cycles Ti and, hence, the length of the second cycle Q in the Kronecker product is crucial for
obtaining Condorcet dimension 3.

Remark 4.8. In a similar way to the proof of proposition 4.6, we can show that P3⊗Q3 has
Condorcet dimension 2, as {(0,k),(1, l)} for k, l ∈ {0,1,2} is a Condorcet winning set for P3⊗Q3.
Since no smaller Kronecker preference profile of two Condorcet cycles with an odd number of
voters can be made, we can draw the conclusion that P3⊗Q5 is the smallest Kronecker preference
profile of Condorcet dimension 3 with an odd number of voters.

4.2.2 The Corresponding Kronecker Tournament

The Kronecker preference profile P3⊗Q5 with an odd number of voters has no majority ties and,
hence, a corresponding (Kronecker) tournament can be constructed. Since the Condorcet dimen-
sion of the Kronecker preference profile P3⊗Q5 is 3, the corresponding tournament must have
dominating dimension 3 or larger (see the relation between Condorcet winning sets and dominat-
ing sets stated in Claim 2.6). In fact, the dominating dimension of the tournament corresponding
to the Kronecker preference profile P3⊗Q5 is the same as the Condorcet dimension. Figure 4.1
shows the tournament and its adjacency matrix.

We see that the Condorcet winning sets in the Kronecker preference profile are also dominating
sets in the Kronecker tournament. For example, take the candidate set {1,6,15} or the canidate
set {1,4,6}. These are dominating sets in the Kronecker tournament, as they cover every element,
which can easily be deduced from the adjacency matrix. Hence, with the same reasoning as in
the proof of Proposition 4.5, we can conclude that the Kronecker tournament has dominating
dimension 3.
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Figure 4.1 – The Kronecker Tournament of P3⊗Q5
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1 ∗ 1 1 0 0 1 1 1 1 1 0 0 0 0 0
2 0 ∗ 1 1 0 1 1 1 1 1 0 0 0 0 0
3 0 0 ∗ 1 1 1 1 1 1 1 0 0 0 0 0
4 1 0 0 ∗ 1 1 1 1 1 1 0 0 0 0 0
5 1 1 0 0 ∗ 1 1 1 1 1 0 0 0 0 0
6 0 0 0 0 0 ∗ 1 1 0 0 1 1 1 1 1
7 0 0 0 0 0 0 ∗ 1 1 0 1 1 1 1 1
8 0 0 0 0 0 0 0 ∗ 1 1 1 1 1 1 1
9 0 0 0 0 0 1 0 0 ∗ 1 1 1 1 1 1

10 0 0 0 0 0 1 1 0 0 ∗ 1 1 1 1 1
11 1 1 1 1 1 0 0 0 0 0 ∗ 1 1 0 0
12 1 1 1 1 1 0 0 0 0 0 0 ∗ 1 1 0
13 1 1 1 1 1 0 0 0 0 0 0 0 ∗ 1 1
14 1 1 1 1 1 0 0 0 0 0 1 0 0 ∗ 1
15 1 1 1 1 1 0 0 0 0 0 1 1 0 0 ∗

4.2.3 Even Number of Voters

The smallest Kronecker preference profile of Condorcet dimension 3 with an odd number of voters
has 15 candidates and 15 voters, but with an even number of voters we can make a smaller Kro-
necker preference profile of Condorcet dimension. By using majority ties, we can make a Kro-
necker preference profile of Condorcet dimension 3 with an even number of voters that has 12
candidates and 12 voters. This Kronecker preference profile is given by P3⊗Q4, as shown in in
Table 4.6.

Table 4.6 – Kronecker Preference Profile P3⊗Q4

P3⊗Q4

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12

1 2 3 4 5 6 7 8 9 10 11 12
2 3 4 1 6 7 8 5 10 11 12 9
3 4 1 2 7 8 5 6 11 12 9 10
4 1 2 3 8 5 6 7 12 9 10 11
5 6 7 8 9 10 11 12 1 2 3 4
6 7 8 5 10 11 12 9 2 3 4 1
7 8 5 6 11 12 9 10 3 4 1 2
8 5 6 7 12 9 10 11 4 1 2 3
9 10 11 12 1 2 3 4 5 6 7 8
10 11 12 9 2 3 4 1 6 7 8 5
11 12 9 10 3 4 1 2 7 8 5 6
12 9 10 11 4 1 2 3 8 5 6 7

Proposition 4.9. For the Kronecker preference profile P3⊗Q4 over A×B, where P3 is a Condorcet
cycle over A = {0,1,2}, Q4 is a Condorcet cycle over B = {0,1,2,3} and each element (i, j) is
identified by 3i+ j+1, we have that dimC(P3⊗Q4) = 3.

Proof. Again, we see that we need at least 2 candidates, because of the outercycles formed by
Ti = {(i, j)| j ∈ B}. By symmetry, we can take the set S = {(0,k),(1, l)} for some k, l ∈ B. Now,
we see that the element (0,k+3 mod 4) is not beaten in the majority of votes. It is placed below
(1, l) in 4 votes and in the remaining 8 votes it is placed below (0,k) in only 2 votes. Hence, it is
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place below (0,k) or (1, l) in 6 votes, giving a tie with the set S. Therefore, a third candidate is
needed. Choose candidat (2,r), then the set S′ = {(0,k),(1, l),(2,r)} is a Condorcet winning set
and, thus, the preference profile P3⊗Q4 has Condorcet dimension 3. �

Remark 4.10. Just as P3⊗P5 has Condorcet dimension 3 but P5⊗Q3 does not, we see that P3⊗Q4
has Condorcet dimension 3 while P4⊗Q3 has Condorcet dimension 2. The set S = {(0,k),(2, l)}
forms a Condorcet winning set for P4⊗Q3. The elements (i, j) for i ∈ {1,3} and j ∈ B are beaten
by the elements in S in 3

4 of the votes. The elements (0,k′) and (2, l′) for k′ 6= k, l′ 6= l and k′, l′ ∈ B
are beaten in 2

3 of the votes, as (0,k′) is beaten by (2, l) in 6 votes and by (0,k) in 2 of the remaining
votes and, equivalently, (2, l′) is by (0,k) in 6 votes and by (2, l) in 2 of the remaining votes.

Remark 4.11. There are two Kronecker preference profiles with an even number of voters that
are smaller than P3⊗Q4: P2⊗Q4 and P4⊗Q2. However, it is easy to see that both have Condorcet
dimension 2, making P3⊗Q4 the smallest Kronecker preference profile of Condorcet dimension 3
with an even number of voters.

For P2⊗Q4, the set {(0,k),(1, l)}, where k, l ∈ {0,1,2,3}, is a Condorcet winning set. The
candidate (0,k) beats the candidates (1, l′) for l′ 6= l, l′ ∈ {0,1,2,3} in 1

2 of the votes and (1, l)
beats these candidates in at least 1 of the remainings votes. Equivalently, (1, l) beats the candidates
(0,k′) for k′ 6= k,k′ ∈ {0,1,2,3} in 1

2 of the votes and (0,k) beats these candidates in at least 1 of
the remaining votes.

For P4⊗Q2, the set {(0,k),(2, l)}, where k, l ∈ {0,1}, is a Condorcet winning set. The can-
didates (1, j) and (3, j) for j ∈ {0,1} are beaten in 3

4 of the votes, respectively, by (0,k) and by
(2, l). The candidates (0,k′) for k′ 6= k,k′ ∈ {0,1} are beaten by (2, l) in 1

2 of the votes and by
(0,k) in at least 2 of the remaining votes. The candidates (0, l′) for l′ 6= l, l′ ∈ {0,1} are beaten by
(0,k) in 1

2 of the votes and by (2, l) in at least 2 of the remaining votes.

To conclude, the analysis of the smallest Kronecker preference profiles of Condorcet dimension
3 shows that the two-level cyclic structure gives a Condorcet dimension of 3 when the Condorcet
cycle of the second Condorcet cycle, Q, in the Kronecker product exceeds a certain length. The
cyclic structure of the outerlevel, caused by P, necessitates a Condorcet winning set of at least 2
candidates. Depending on the length of the inner-cycles, caused by Q, a third candidate is needed
to obtain a Condorcet winning set. P3⊗Q5 is the smallest Kronecker preference profile with an odd
number of voters. It has a corresponding (Kronecker) tournament that has dominating dimension
3. P4⊗Q3 is the smallest Kronecker preference profile with an even number of voters.

4.3 Generalisation Dimension 3 Kronecker Profiles

In the previous section, we have seen that the Condorcet dimension exceeds 2 when the Kronecker
preference profile is constructed as a cycle of cycles. However, we can give more conditions for ob-
taining a Kronecker preference profile of Condorcet dimension 3. In this section, we will provide
additional conditions. Moreover, besides giving conditions for obtaining Condorcet dimension 3,
we will prove that under no condition the Condorcet dimension of a Kronecker preference profile
exceeds 2. That is, the Condorcet dimension of Kronecker preference profiles is bounded above
by 3.

4.3.1 Conditions for Dimension 3 Kronecker Profiles

We will, first, prove that the Condorcet dimension can only exceed 2 when the profile contains an
odd number p of cycles. Then, we will use this result to prove that a Kronecker preference profile
Pp⊗Qq can only have Condorcet dimension 3 if it consists of an odd number p of cycles and each
cycle has length q≥ p+1.
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In the following proposition, we will show that a Kronecker preference profile never has Con-
dorcet dimension 3 when there is an even number of cycles.

Proposition 4.12. Let Pp⊗Qq be a Kronecker preference profile over A×B, where Pp is a Con-
dorcet cycle over set of candidates A = {a1, ...ap} with p≥ 2, Qq is some other profile over a set
of candidates B = {b1, ...,bq} and each element (i, j) is identified by (p · i)+ j+1. Then, when p
is even, we have that dimC(Pp⊗Qq) = 2.

Proof. We note that the Kronecker preference profile Pp⊗Qq consists of p ·q voters and candid-
ates. When p is even, this is obviously an even number of voters and candidates.

For every ai ∈ A, let Tai = {(ai,b j)|b j ∈ B}. The p sets Tai are structured as outer-cycles in
the Kronecker preference profile Pp⊗Qq. As the profile consists of cycles, there is no Condorcet
winner.

Let b be some candidate in B that is ranked first by some voter in Qq. Now, we will show that
the set S = {(a1,b),(ap/2+1,b)} is a Condorcet winning set. Consider the candidates in Tai for
1 < i ≤ p/2. These candidates are beaten by (a1,b) in the first q votes and in the last (p/2) · q
votes. The candidates in Tai for p/2+1 < i≤ p are beaten by (ap/2+1,b) in the first (p/2+1) ·q
votes. The candidates (a1,b′) ∈ Ta1 , where b′ 6= b, are beaten by (ap/2+1,b) in (p/2) · q votes
and by (a1,b) in at least p/2 of the remaining votes. The candidates (ap/2+1,b′) ∈ Tap/2+1 , where
b′ 6= b, are beaten by (a1,b) in (p/2) ·q votes and by (ap/2+1,b) in at least p/2 of the remaining
votes. Thus, all candidates are covered and we have a Condorcet winning set of size 2. Hence, the
Kronecker preference profile Pp⊗Qq has Condorcet dimension 2 when p is even. �

Using proposition 4.12, we will show for an odd number of cycles (p is odd) that a Kronecker
preference profile can only have Condorcet dimension 3 when q≥ p+1.

Proposition 4.13. Let Pp⊗Qq be a Kronecker preference profile over A×B, where Pp is a Con-
dorcet cycle over a set of candidates A = {a1, ...ap} with p ≥ 2, Qq is some other profile over a
set of candidates B = {b1, ...,bq} and each element (i, j) is identified by (p · i)+ j+ 1. Then, we
have that dimC(Pp⊗Qq) = 3 only if p is odd and q≥ p+1.

Proof. In proposition 4.12, we have proved that for any Kronecker preference profile Pp⊗Qq the
Condorcet dimension exceeds 2 only if p is odd. Hence, assume p is odd. Then, it remains to
show that the Condorcet dimension of a Kronecker preference profile Pp⊗Qq exceeds 2 only if
q≥ p+1.

We will proof the contrapositive: if q < p+ 1, then dimC(Pp⊗Qq) ≤ 2. Let b be some can-
didate in B that is ranked first by some voter in Qq. For every ai ∈ A, let Tai = {(ai,b j)|b j ∈ B}.
We will show that S = {(a1,b),(adp/2e,b)} is a Condorcet winning set. Consider the candidates
in Tai for 1 < i ≤ dp/2e. These candidates are beaten by (a1,b) in the first q votes and in the last
bp/2c ·q votes. Hence, they are beaten in dp/2e ·q votes, which is more than half when p is odd.
Also, the candidates in Tai for dp/2e < i ≤ p are beaten by (adp/2e,b) in the first dp/2e ·q votes,
which is the majority of votes since p is odd. Lastly, consider the candidates (a1,b′) in T1, where
b′ 6= b. These candidates are beaten by (adp/2e,b) in bp/2c ·q votes and they are beaten by (a1,b)
in at least dp/2e of the remaining votes (once in every remaining set Ta1). This means that the
candidates (a1,b′) are ranked below (a1,b) or (adp/2e,b) in at least bp/2c ·q+ dp/2e votes. Note
that if p was even, this would equal p

2 ·q+
p
2 , which is the majority of the votes. However, we are

concerned with p is odd as we have already proved that the profile will always have a Condorcet
winning set of size 2 when p is even. For p is odd, we have that bp/2c ·q+dp/2e= p−1

2 ·q+
p+1

2 .
For this to be the majority of votes, it has to be more than pq

2 . An easy calculation shows the
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resulting relation between p and q:

p−1
2
·q+ p+1

2
>

pq
2
⇐⇒

pq−q+ p+1
2

>
pq
2
⇐⇒

pq−q+ p+1 > pq ⇐⇒
q < p+1

Thus, if q < p+ 1, then the set S = {(a1,b),(adp/2e,b)} is a Condorcet winning set for Pp⊗Qq.
But if q≥ p+1 and p is odd, then the set S = {(a1,b),(adp/2e,b)} is not a Condorcet winning set
for Pp⊗Qq and needs a third element. �

4.3.2 Upper bound of Condorcet Dimension 3

In order to obtain preference profiles with a Condorcet dimension that exceeds 3, a natural ap-
proach is to extend a Kronecker preference profile to a larger number of voters and candid-
ates. However, we will prove that the Condorcet dimension of Kronecker preference profiles
is boundend above: every Kronecker preference profile has at most Condorcet dimension 3. This
means that extending a Kronecker preference profile to a larger number of voters and a larger
number of candidates will never lead to a higher Condorcet dimension.

Theorem 4.14 (Elkind et al. (2015)). Let Pp be a Condorcet cycle over a set of candidates A =
{a1, ...ap} with p ≥ 2, and let Qq be some other profile over a set of candidates B = {b1, ...,bq}.
Then dimC(Pp⊗Qq)≤ 3.

Proof. We note that the Kronecker preference profile Pp⊗Qq consists of p ·q voters and candid-
ates. Let b be some candidate in B that is ranked first by some voter in Qq.

First, suppose that p = 2. This means that we have 2 ·q voters and candidates, and two outer-
cycles: Ta1 = {(a1, j)| j ∈ B} and Ta2 = {(a2, j)| j ∈ B}. Then, we see that {(a1,b),(a2,b)} is a
Condorcet winning set for Pp⊗Qq. The candidate (a1,b′) for b′ 6= b,b′ ∈ B is ranked below (a1,b)
in at least one of the first q votes, because some voter in Qq ranked b′ below b. The candidate is
also ranked below (a2,b) in the last q votes, because the cycle Ta1 is ranked below the cycle Ta2 .
As there are 2q votes in total, (a1,b′) is, hence, ranked below {(a1,b),(a2,b)} in the majority of
votes. Similarly, candidate (a2,b′) for b′ 6= b,b′ ∈ B is ranked below (a1,b) in the first q votes and
below (a2,b) in at least one of the remaining q votes.

Now, suppose that p> 2. Then, the set S= {(a1,b),(adp/2e,b),(ap,b)} is a Condorcet winning
set for Pp⊗Qq. For every ai ∈ A, let Tai = {(ai,b j)|b j ∈ B}. Then, we see that the candidates in
Tai for 1 < i ≤ dp/2e are beaten by (a1,b) in the first q votes and in the last bp/2c · q votes, i.e.
in the majority of votes. The candidates in Tai for dp/2e < i ≤ p− 1 are beaten by (adp/2e,b) in
the first dp/2e ·q votes and in the last q votes, i.e. in the majority of votes. Furthermore, consider
the candidates in Tai for i = 1. These are covered by (ap,b), as (ap,b) is ranked above (a1,b j) for
b j ∈ B in the last (p−1) ·q votes. Lastly, consider the candidates in Tai for i = p. These candidates
are ranked below (adp/2e,b) by the first dp/2e · q voters. If p is odd, this is the majority of votes
and, hence, the candidates in Tai for i = p are covered by (adp/2e,b). It p is even, we see that the
element (ap,b) ∈ Tap is already in the winning set S and the elements (ap,b′) ∈ Tap for b′ 6= b are
ranked below (ap,b) in at least one of the votes among the last q voters. Thus, we see that all
elements in Pp⊗Qq are ranked below (a1,b),(adp/2e,b) or (ap,b) in the majority of votes and,
therefore, we have a Condorcet winning set S of size 3. �

Looking the structure of a cycle of cycles in the Kronecker preference profiles, an attractive al-
ternative cyclic structure would be more levels of cycles. However, just like the 2-level Kronecker
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Table 4.7 – Cyclic Kronecker Profile with 3 Levels

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 v15 v16 v17 v18 v19 v20 v21 v22 v23 v24 v25 v26 v27

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
2 3 1 5 6 4 8 9 7 11 12 10 14 15 13 17 18 16 20 21 19 23 24 22 26 27 25
3 1 2 6 4 5 9 7 8 12 10 11 15 13 14 18 16 17 21 19 20 24 22 23 27 25 26
4 5 6 7 8 9 1 2 3 13 14 15 16 17 18 10 11 12 22 23 24 25 26 27 19 20 21
5 6 4 8 9 7 2 3 1 14 15 13 17 18 16 11 12 10 23 24 22 26 27 25 21 19 20
6 4 5 9 7 8 3 1 2 15 13 14 18 16 17 12 10 11 24 22 23 27 25 26 20 21 19
7 8 9 1 2 3 4 5 6 16 17 18 10 11 12 13 14 15 25 26 27 19 20 21 22 23 24
8 9 7 2 3 1 5 6 4 17 18 16 11 12 10 14 15 13 26 27 25 20 21 19 23 24 22
9 7 8 3 1 2 6 4 5 18 16 17 12 10 11 15 13 14 27 25 26 21 19 20 24 22 23
10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 1 2 3 4 5 6 7 8 9
11 12 10 14 15 13 17 18 16 20 21 19 23 24 22 26 27 25 2 3 1 5 6 4 8 9 7
12 10 11 15 13 14 18 16 17 21 19 20 24 22 23 27 25 26 3 1 2 6 4 5 9 7 8
13 14 15 16 17 18 10 11 12 22 23 24 25 26 27 19 20 21 4 5 6 7 8 9 1 2 3
14 15 13 17 18 16 11 12 10 23 24 22 26 27 25 21 19 20 5 6 4 8 9 7 2 3 1
15 13 14 18 16 17 12 10 11 24 22 23 27 25 26 20 21 19 6 4 5 9 7 8 3 1 2
16 17 18 10 11 12 13 14 15 25 26 27 19 20 21 22 23 24 7 8 9 1 2 3 4 5 6
17 18 16 11 12 10 14 15 13 26 27 25 20 21 19 23 24 22 8 9 7 2 3 1 5 6 4
18 16 17 12 10 11 15 13 14 27 25 26 21 19 20 24 22 23 9 7 8 3 1 2 6 4 5
19 20 21 22 23 24 25 26 27 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
20 21 19 23 24 22 26 27 25 2 3 1 5 6 4 8 9 7 11 12 10 14 15 13 17 18 16
21 19 20 24 22 23 27 25 26 3 1 2 6 4 5 9 7 8 12 10 11 15 13 14 18 16 17
22 23 24 25 26 27 19 20 21 4 5 6 7 8 9 1 2 3 13 14 15 16 17 18 10 11 12
23 24 22 26 27 25 21 19 20 5 6 4 8 9 7 2 3 1 14 15 13 17 18 16 11 12 10
24 22 23 27 25 26 20 21 19 6 4 5 9 7 8 3 1 2 15 13 14 18 16 17 12 10 11
25 26 27 19 20 21 22 23 24 7 8 9 1 2 3 4 5 6 16 17 18 10 11 12 13 14 15
26 27 25 20 21 19 23 24 22 8 9 7 2 3 1 5 6 4 17 18 16 11 12 10 14 15 13
27 25 26 21 19 20 24 22 23 9 7 8 3 1 2 6 4 5 18 16 17 12 10 11 15 13 14

preference profiles, the Condorcet dimension of Kronecker preference profiles with three or more
levels does not exceed 3. Table 4.7 is an example of a profile with a 3-level cyclic structure.

Using the table and the proof of Theorem by Elkind et al. (2015), we see that adding another
layer of cycles will not increase the Condorcet dimension. Let us denote the preference profile
by P3⊗Q3⊗Z3, where P3, Q3 and Z3 are Condorcet cycles over, respectively, candidate sets A,B
and C of size 3. The candidates in A,B and C are numbered from 0 to 2. Then, P3⊗Q3⊗Z3 is
the preference profile over the set of candidates A×B×C, where element (i, j, l) is identified by
9i+3 j+ l +1.

Denote the outer-cycle by Ti = {(i, j, l)| j ∈ B, l ∈C}. Then, the set {(0, j, l),(1, j, l),(2, j, l)}
for any j ∈ B and l ∈ C is a Condorcet winning set, as (0, j, l) beats the candidates in T1 in the
majority of votes, (1, j, l) beats the candidates in T2 in the majority of votes and (2, j, l) beats the
candidates in T0 in the majority of votes and, thus, all candidates are beaten in the majority of
votes.

In fact, we can prove that the Condorcet dimension of a preference profile Pp⊗Qq⊗Zz does
not exceed 3, when Pp is a Condorcet cycle over the set of candidates A = {a1, · · · ,ap}, Qq is some
other preference profile over the set of candidates B= {b1, · · · ,bq} and Zz is some other preference
profile over the set of candidates C = {c1, · · ·cz}. The proof is analogous to the proof of Theorem
by Elkind et al. (2015). Let b be some candidate that is ranked first by some voter in Qq and let c
be some candidate that is ranked first by some voter in Zz. Then, (b,c) is a candidate that is ranked
first by some voter in Qq⊗Zz and analogous to the proof of Theorem by Elkind et al. (2015) we
see that the candidate set {(a1,b,c),(adp/2e,b,c),(ap,b,c)} is a Condorcet winning set.

This proof idea can be extended to cyclic structures with more layers. Hence the upper bound
of Condorcet dimension 3 on Kronecker preference profiles also holds for preference profiles with
more layers of cycles.

To conclude, the Condorcet dimension of a Kronecker preference profile can only be 3 if the
profile is structured as a cycle of cycles and has an odd number p of cycles, where p ≥ 2 and the
length q of each cycle is larger than p, i.e. q ≥ p+ 1. Moreover, the Condorcet dimension of
a Kronecker preference profile Pp⊗Qq can never exceed 3, nor can the Condorcet dimension of
preference profiles with more layers of cycles exceed Condorcet dimension 3. Hence, for finding
higher dimensional preference profiles, the Kronecker product seems to lead us down a blind alley.



Chapter 5

Constructing Tournaments and
Corresponding Preference Profiles

The relation between Condorcet winning sets on preference profiles without majority ties and
dominating sets in tournaments has lead to a lowerbound on the minimum number of candidates
needed in a preference profile with a fixed Condorcet dimension, but it can be further exploited:
it can be used to construct preference profiles that correspond to a tournament with a certain
dominating dimension.

In the previous chapter, we have seen that the minimum-sized Condorcet winning sets of
the Kronecker preference profiles with Condorcet dimension 3 are also dominating sets in the
corresponding tournament. That is, the Condorcet dimension of the Kronecker preference profiles
is the same as the dominating dimension of the corresponding tournament.

In this chapter, we will also look for preference profiles and corresponding tournaments such
that the Condorcet dimension and dominating dimension coincide. In Section 5.1, we will con-
struct so-called quadratic residue tournaments, which have first been constructed by Szekeres and
Szekeres (1965). We will consider quadratic residue tournaments of dominating dimension 3 and
4 that are minimal with respect to their number of candidates, and we will discuss a theorem by
Graham and Spencer (1971) concerning the dominating dimension of quadratic residue tourna-
ments with a larger number of candidates. In Section 5.2, we will provide a novel construction
of preference profiles that realise quadratic residue tournaments with dominating dimension 3 and
4. The construction of the preference profile that realises the quadratic residue tournament with
dominating dimension 3 gives us a new preference profile with Condorcet dimension 3, but the
construction of the preference profile that realises the quadratic residue tournament with dominat-
ing dimension 4 has Condorcet dimension 2. We will suggest new questions for further research
that these results raise.

5.1 Quadratic Residue Tournaments

In this section, we will look at quadratic residue tournaments. First, we will discuss how quadratic
residue tournaments are constructed (Subsection 5.1.1). Second, we will discuss the dominating
dimension of quadratic residue tournaments (Subsection 5.1.2). We will consider the construc-
tion of quadratic residue tournaments that are, given their dominating dimension, minimal with
respect to the number of candidates. Also, we will discuss non-minimal quadratic residue tourna-
ments. We will prove a theorem by Graham and Spencer (1971) showing that a quadratic residue
tournament with more than t222t−2 candidates has a dominating dimension of at least t +1.

40
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5.1.1 The Construction

Quadratic residue tournaments have first been constructed by Szekeres and Szekeres (1965). The
construction is as follows: let p be a prime number, where p ≡ 3 (mod 4), and let {0, · · · , p−1}
be the set of candidates of the tournament. Then, for every pair of candidates u and v, we define a
directed edge u→ v if u− v≡ a2 (mod p) for some a ∈ {0, · · · , p−1}. In this case, it is also said
that u− v is a quadratic residue. Hence, we can also define the edges in terms of the Legendre
symbol

(
u−v

p

)
(LeVeque, 1984, p.45,46), where

(
u− v

p

)
=


1, if (u− v) is a quadratic residue of p and (u− v) 6≡ 0 (mod p).
−1, if (u− v) is a quadratic nonresidue of p.
0, if (u− v)≡ 0 (mod p).

Using the Legendre symbol, we assign a directed edge u→ v if and only if
(

u−v
p

)
= 1. This is the

quadratic residue tournament with p candidates, which is denoted by QRTp.

We can show that the tournament QRTp is well-defined, i.e. any two distinct candidates are
joined by exactly one directed edge. Since we have for any two distinct candidate u,v with
u,v ∈ {0, · · · , p−1} that

(
u−v

p

)
6= 0, we know that

(
u−v

p

)
is either 1 or −1. Therefore, in order to

show that QRTp is well-defined, we have to prove that
(

u−v
p

)
= 1 if and only if

(
v−u

p

)
=−1.

Now, consider the following two statements:

(a) for x 6≡ 0 (mod p),
(

x
p

)
= 1 if and only if

(
−x
p

)
=−1,

(b) −1 is a quadratic nonresidue modulo p.

We will prove for p ≡ 3 (mod 4) that (b) is true and that (b) is the case if and only if (a) is
the case, which gives us exactly what we want for showing that QRTp is well-defined. In order to
prove this, we need the following lemma:

Lemma 5.1. Let p be an odd prime number and suppose −1≡ a2 (mod p), i.e. −1 is a quadratic
residue modulo p. Then p≡ 1 (mod 4).

Proof. We will use Fermat’s Little Theorem, which says that if p is a prime number and x is not
divisible by p, then xp−1 ≡ 1 modulo p.

Now, note that (p−1)/2 is an integer, which is even if p = 4K +1 and odd if p = 4K +3 for
some K ∈ N. By Fermat’s Little Theorem, we have modulo p that

(−1)(p−1)/2 = (a2)(p−1)/2 = ap−1 = 1.

This cannot be true if (p− 1)/2 is odd because then (−1)(p−1)/2 = −1 which is not equal to 1
modulo p. So (p−1)/2 is even, i.e. (p−1)/2 = 2K for some integer K and, hence, p−1 = 4K
for some integer K as claimed. �

This lemma concerns one direction of the first supplement to quadratic reciprocity, which states
that −1 is a quadratic residue modulo p if and only if p ≡ 1 (mod 4) (Wikipedia contributors,
2018). The lemma implies that −1 is a quadratic nonresidue for p in QRTp, since p is congruent
to 3 modulo 4 in quadratic residue tournaments.

Furthermore, we can see that for p ≡ 3 (mod 4) and x 6≡ 0 (mod p), statement (a) holds if
and only if statement (b) holds. First, (a) clearly implies (b), because 1 is a quadratic residue
for all primes, while −1 is a quadratic nonresidue for p ≡ 3 (mod 4) by Lemma 5.1. Second,
(b) implies (a). We can see this as follows. Given (a), suppose there was some x so that both x
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and −x are quadratic residues, i.e. there is some y such that y2 ≡ x (mod p) and there is some z
such that z2 ≡ −x (mod p). But then, −1 = x/(−x) (mod p), which gives −1 = y2/z2 = (y/z)2,
contradicting (a). We note that the solution y2 = x (mod p) has either exactly 2 solutions y and
−y or none. This means that exactly half of the numbers 1,2, · · · , p− 1 are quadratic residues x
modulo p (let us prove this in Lemma 5.2 below). Therefore, it is not possible that neither x nor
−x is a quadratic residue modulo p, because then we would not have enough quadratic residues.
As we have also shown that x and −x cannot both be quadratic residues, statement (b) follows.

To conclude, since p≡ 3 (mod 4) in QRTp, it follows from Lemma 5.1 that −1 is a quadratic

non-residue modulo p and because this is equivalent to the statement that
(

u−v
p

)
= 1 if and only

if
(

v−u
p

)
=−1, we have that any two distinct candidates are joined by exactly one directed edge,

i.e. QRTp is well-defined.

In our argument, we referred to Lemma 5.2. Note that p in QRTp is an odd prime number as
p is congruent to 3 modulo 4.

Lemma 5.2. Let p be an odd prime. Then p has p+1
2 quadratic residues (including 0) and p−1

2
quadratic non-residues modulo p. The quadratic residues are congruent modulo p to the integers

02,12, · · · ,
(

p−1
2

)2
.

Proof. The integer x is a quadratic residues modulo p if there exists an integer y such that y2 ≡ x

(mod p). Hence, a quadratic residue x is equivalent to either of the integers 02,12,22, · · · ,
(

p−1
2

)2

modulo p.
Let us first look at the quadratic residues that are not equivalent to 0 modulo p, but to either

of the other p− 1 integers modulo p. Since y2 = (−y)2, we see that these p− 1 integers form
congruent pairs modulo p:

12 ≡ (p−1)2 mod p

22 ≡ (p−2)2 mod p

· · ·(
p−1

2

)2

≡
(

p+1
2

)2

mod p

Since p is odd we have p−1
2 such pairs without 0.

We will now show that p has exactly p−1
2 quadratic residues without 0 and p−1

2 quadratic non-

residues. Therefore, we need to show that no two of the integers 12,22, · · · ,
(

p−1
2

)2
are equivalent

modulo p. We will prove by contradiction. Suppose r2 ≡ s2 (mod p) for some 1≤ r≤ s≤
(

p−1
2

)
.

When r2 ≡ s2 (mod p) , then p is a divisor of r2− s2 = (r− s)(r+ s). Now, Euclid’s Lemma says
that if p is a prime number that divides the product x · y for x,y ∈ Z, then p must divide at least
one of these integers x and y. Therefore, since p is a divisor of (r− s)(r+ s), it must be that p
divides at least one of the integers (r−s) and (r+s). But, p cannot be a divisor of (r+s), because
2≤ r+ s≤ p−1. So, p must be a divisor of (r− s) for 0≤ r−1 < p−1

2 . This can only be the case
if r− s = 0. Hence, r = s and we have proved that the p−1

2 are not congruent modulo p.
To conclude, without 0 there are p−1

2 quadratic residues modulo p and p−1
2 quadratic non-

residues modulo p. Including 0 as a quadratic residue modulo p, we have p+1
2 quadratic residues

modulo p as claimed (Wikipedia contributors, 2016). �

5.1.2 The Dominating Dimension of Quadratic Residue Tournaments

When constructing a tournament with property St , we have the lower bound on the minimum
number of candidates of (t+2)2t−1−1 by Szekeres and Szekeres (1965) (equation (2.2) in Section
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2.3). Recall that a tournament has a dominating dimension of at least t +1 if it satisfies property
St : for any set U of t candidates there is a candidate u that dominates all candidates in U (Chapter
2).

For t = 2,3, there exist quadratic residue tournaments, QRT7 and QRT19, that are minimal
with respect to the number of candidates, i.e. the tournaments satisfy property St and have ex-
actly (t +2)2t−1−1 candidates (see Appendices B and C for a verification that QRT7 and QRT19,
respectively, have dominating dimension 3 and 4). For t = 4, there is no quadratic residue tourna-
ment that satisfies property St and has exactly (t +2)2t−1−1 candidates. QRT47 does not satisfy
property S4 as it has dominating dimension 4. We have verified this with our program in Appendix
D. As we could also verify that QRT59 has dominating dimension 4, the smallest quadratic residue
tournament that satisfies property S4 is QRT67. It could be that QRT67 is also minimal. In that case,
(t + 2)2t−1− 1 candidates is necessary but not sufficient for a tournament that satisfies property
St , where t ≥ 4.

The minimal quadratic residue tournaments QRT7 and QRT19 will be used in Section 5.2 to
construct corresponding preference profiles.

Example 5.3. Let us have a look at QRT7 shown in Figure 5.1.

Figure 5.1 – QRT7
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1

4
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0 1 2 3 4 5 6



0 ∗ 0 0 1 0 1 1
1 1 ∗ 0 0 1 0 1
2 1 1 ∗ 0 0 1 0
3 0 1 1 ∗ 0 0 1
4 1 0 1 1 ∗ 0 0
5 0 1 0 1 1 ∗ 0
6 0 0 1 0 1 1 ∗

Before considering the construction of quadratic residue tournaments by Szekeres and Szekeres
(1965), we had already constructed a tournament of which the adjacency matrix was a permutation
of the adjacency matrix of QRT7. For the construction, we used the following structure: let any
set of outgoing nodes and any set of ingoing nodes from a node induce a Condorcet cycle. For
example, consider the first row. In this case, the nodes 3,5,6 are the outgoing nodes of 0 and their
subgraph defines a Condorcet cycle. Also, the subgraph of the incoming nodes 1,2,4 defines a
Condorcet cycle. The remainder has to be filled in such that each row contains exactly three times
a 1 and such that no two rows form a dominating set. 4

The minimal quadratic residue tournaments can be extended to a tournament with more candidates
and the same dominating dimension. Reid et al. (2004) have shown that there is no upper bound
on the number of candidates in a tournament with property St . That is, if a tournament with m
candidates has property St , then we can also construct a tournament with more than m candidates
and property St .

Proposition 5.4 (Reid et al. (2004)). Let Tn(t) be a tournament with n(t) candidates. If Tn(t) has
property St , then there is a tournament W with n(t)+1 candidates that satisfies property St .

Proof. Let Tn(t) be a tournament with property St , candidate set X and set of edges E. Fix a
candidate u ∈ X . Now, we form a tournament W by adjoining a vertex u′ such that the outgoing
edges and ingoing edges from u′ correspond to the outgoing and ingoing edges of u. That is, for
every candidate v ∈ X , where v 6= u, there is a directed edge u′→ v if and only if there is a directed
edge u→ v.



CHAPTER 5. CONSTRUCTING TOURNAMENTS AND CORRESPONDING
PREFERENCE PROFILES 44

We can show that W has property St . Let S ⊆ X ∪{u′} be a set of candidates in W where
|S|= t. If u′ /∈ S, then S ⊆ X . Since Tn(t) has property St , there is a candidate v ∈ Tn(t), v /∈ S, that
dominates all candidates in S.

If u′ ∈ S, then either u∈ S or u /∈ S. First, suppose u /∈ S. We see that |(S−{u′})∪{u}|= t and
(S−{u′})∪{u} ⊆ X . As Tn(t) has property St , there is a candidate v′ ∈ X , v′ /∈ (S−{u′})∪{u}
that dominates all candidates in (S−{u′})∪{u}. Since v′ dominates u, by construction v′ also
dominates u′. Hence, there is a candidate v′ ∈ X that dominates all candidates in S.

Now, suppose u′ ∈ S and u ∈ S. Let z be any candidate in X , where z /∈ S. Then, |(S−
{u′})∪{z}|= t and (S−{u′})∪{z} ∈ X . Since Tn(t) has property St , there is a candidate v′′ ∈ X ,
v′′ /∈ (S−{u′})∪{z}, that dominates all candidates in (S−{u′})∪{z}. Since u∈ (S−{u′})∪{z},
we see that there is a directe edge v′′→ u. By construction, there is also a directed edge v′′→ u′

in W .
To conclude, in any case there is a candidate in X ∪ {u′} that dominates all candidates in

S ⊆ X ∪{u′} when |S| = t. Since this holds for any set S of t candidates in tournament W , we
conclude that W has property St . �

Corollary 5.5 (Reid et al. (2004)). If Tn(t) has property St , then for every n ≥ n(t), there is a
tournament with n candidates that satisfies property St .

We will now look at a general result by Graham and Spencer (1971) about the dominating dimen-
sion of quadratic residue tournaments that are non-minimal. For p > t222t−2, Graham and Spencer
have proved that QRTp satisfies property St . This means that constructions of quadratic residue
tournaments can give tournaments with a high dominating dimension. Note that t222t−2 is nearly
the square of the nonconstructive upper bound on the minimum number of candidates by Erdős
(equation 2.1 in Section 2.3).

Theorem 5.6 (Graham and Spencer (1971)). Let p≡ 3 (mod 4) be a prime number. If p > t222t−2,
then QRTp satisfies property St .

Proof. Consider the tournament QRTp with candidate set X consisting of p > t222t−2 candidates.
We first remark that QRTp satisfies property St iff for every arbitrary subset A of t candidates,

A = {a1, · · · ,at}, there exists an x ∈ X\A such that
(

x−a j
p

)
= 1 for 1≤ j ≤ t.

Now, set χ(a) =
(

a
p

)
and define g(A) by

g(A) =
p−1

∑
x=0
x/∈A

t

∏
j=1

[1+χ(x−a j)]

If we can show that g(A) > 0, then the theorem is proved. For if g(A) > 0 then there is a choice
x = x0 /∈ A such that ∏

t
j=1[1+ χ(x0−a j)] > 0 and, hence, χ(x0−a j) 6= −1 for 1 ≤ j ≤ t. Also,

χ(x0− a j) 6= 0 for 1 ≤ j ≤ t, since x0 /∈ A and, thus, x0− a j 6= 0. Therefore, it must be that
χ(x0−a j) = 1 for 1≤ j ≤ t and by the first remark the theorem follows.

Let us show that g(A)> 0. Define h(A) = h({a1, · · · ,at}) by

h(A) =
p−1

∑
x=0

t

∏
j=1

[1+χ(x−a j)]

and, thus,

g(A) = h(A)−
t

∑
i=1

t

∏
j=1

[1+χ(ai−a j)] (5.1)
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as h(A), in contrast to g(A), takes the sum over the product ∏
t
j=1[1 + χ(ai − a j)] for ai ∈ A.

Expanding the product of h(A) gives:

h(A) =
p−1

∑
x=0

1+
p−1

∑
x=0

t

∑
j=1

χ(x−a j)+
p−1

∑
x=0

∑
j1< j2

χ(x−a j1)χ(x−a j2)+ · · ·

+ ∑
j1<···< js

χ(x−a j1) . . .χ(x−a js)+ · · ·

+ ∑
j1<···< jt

χ(x−a j1) . . .χ(x−a jt ).

The first term is clearly p. The second term is 0, as we have exactly t times that χ(x− a j) = 0,
and we have exactly p·t−t

2 times that χ(x−a j) =−1 and that χ(x−a j) = 1. The remaining terms
can be estimated by using the formula by Burgess (1962):∣∣∣∣ p−1

∑
x=0

χ(x−a j1) . . .χ(x−a js)

∣∣∣∣≤ (s−1)
√

p

for a j1 , · · ·a js distinct. Thus, we have∣∣∣∣ p−1

∑
x=0

∑
j1<...< js

χ(x−a j1) . . .χ(x−a js)

∣∣∣∣≤ (t
s

)
(s−1)

√
p

and, therefore,∣∣∣∣h(A)− p
∣∣∣∣= p−1

∑
x=0

∑
j1< j2

χ(x−a j1)χ(x−a j2)+ · · ·+ ∑
j1<···< jt

χ(x−a j1) . . .χ(x−a jt )

=
t

∑
s=2

p−1

∑
x=0

∑
j1<...< js

χ(x−a j1) . . .χ(x−a js)

≤√p
t

∑
s=2

(
t
s

)
(s−1).

By a simple calculation, we can show that

t

∑
s=2

(
t
s

)
(s−1) = (t−2)2t−1 +1,

We use the following sums of binomial coëfficients:

t

∑
s=0

(
t
s

)
= 2t and

t

∑
s=0

(
t
s

)
s = t2t−1.

Then, we see that

t

∑
s=2

(
t
s

)
(s−1) =

t

∑
s=2

(
t
s

)
s−

t

∑
s=2

(
t
s

)
=

( t

∑
s=0

(
t
s

)
s
)
− t−

( t

∑
s=0

(
t
s

))
+1+ t

= t2t−1−2t +1

= (t−2)2t−1 +1.
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This gives ∣∣∣∣h(A)− p
∣∣∣∣≤ [(t−2)2t−1 +1]

√
p or,

h(a)≥ p− [(t−2)2t−1 +1]
√

p (5.2)

Now, consider again equation (5.1), which gives

h(A)−g(A) =
t

∑
i=1

t

∏
j=1

[1+χ(ai−a j)]

If h(A)−g(A) 6= 0, then for some i0 the product ∏
t
j=1[1+χ(ai0−a j)] is not zero. Hence, we have

that χ(ai0 − a j) 6= −1 for 1 ≤ j ≤ t, so that χ(ai0 − a j) = 1 for all j 6= i0 with 1 ≤ j ≤ t. This
implies that χ(a j− ai0) = −1 for all j 6= i0 with 1 ≤ j ≤ t, as p is congruent to 3 modulo 4 and,
thus, by Lemma 5.1 we know that −1 is a quadratic nonresidue modulo p which is equivalent to
the statement that

(
x
p

)
= 1 iff

(
−x
p

)
=−1 (see Subsection 5.1.1). Consequently,

t

∏
j=1

[1+χ(ai−a j)] =

{
0 for i 6= i0
2t−1 for i = i0

Therefore, we have,

h(A)−g(A)≤ 2t−1

Applying equation (5.2), we get

g(A)≥ p− [(t−2)2t−1 +1]
√

p−2t−1.

Then, we see that g(A)> 0 if p > t222t−2, because if we take p = t222t−2, we get for t ≥ 1 that

p− [(t−2)2t−1 +1]
√

p =
√

p[
√

p− (t−2)2t−1 +1]

= t2t−1[t2t−1− (t−2)2t−1 +1]

= t2t−1(2t +1)

≥ t2t−1.

Hence, for p > t222t−2, we have that g(A)> 0 and, hence, the theorem is proved. �

5.2 Corresponding Preference Profiles

In order to find preference profiles with Condorcet dimension 4 or higher, we want to transform
quadratic residue tournaments into preference profiles such that the Condorcet dimension is the
same as the dominating dimension. In this section, we will provide a novel construction of prefer-
ence profiles that realise quadratic residue tournaments with dominating dimension 3 and 4.

Let us denote the preference profile that realises QRTp by QRPPp. After some experimentation,
we found a systematic construction of a preference profile with 63 voters and 7 candidates that
has Condorcet dimension 3. Later, we reduced the construction to the preference profile of QRPP7
with 21 voters and Condorcet dimension 3, which uses part of the regularity of our previous con-
struction. In general, our construction of a quadratic residue preference profile is as follows:

First, determine the quadratic residues module p. By Lemma 5.2, for an odd prime number p,
there are p+1

2 quadratic residues including 0 and, hence, p−1
2 quadratic residues without 0. Thus,

as p in QRTp is congruent to 3 modulo 4, we have p−1
2 quadratic residues (excluding 0). For each
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quadratic residue x, we see that candidate a dominates candidate a− x modulo p in QRTp. Now,
take an arbitrary candidate b and determine the order of domination of the candidates with x (mod
p) difference, where b is dominated by all candidates, i.e. b is at the bottom of each ordering. For
example, in abstract form (assuming that b− x 6≡ b−2x 6≡ b+ x 6≡ b modulo p):

b− x mod p� b−2x mod p� ·· · � b+ x mod p� b

There are p−1
2 such orderings, as there are p−1

2 quadratic residues. Assign each order to one voter.
Second, call the p−1

2 orderings (or voter preferences) with b at the bottom a “box”. We can
see this box as a matrix with p−1

2 columns and p rows. Then we are going to construct p− 1
more boxes such that element (i, j+ p−1

2 ) = (i, j)+1 modulo p. This gives the quadratic residue

preference profile QRPPp with p candidates and p · p−1
2 = p2−p

2 voters.

With QRPP7 we have found a new preference profile of Condorcet dimension 3 that has a rel-
atively low number of voters and candidates and for which the Condorcet dimension coincides
with the dominating dimension of the corresponding tournament. Let us explicate our general
method of construction with the construction of QRPP7.

Consider QRT7 and let us construct QRPP7. The quadratic residues of 7 are 1,2 and 4. We
want to determine the order of domination with, respectively, 1,2 and 4 modulo 7 difference. Take
one arbitrary candidate that is at the bottom of each ordering. As we choose arbitrarily, let it be 0.
Then, the domination orderings can be easily read from the adjacency matrix.

0 1 2 3 4 5 6



0 ∗ 0 0 1 0 1 1
1 1 ∗ 0 0 1 0 1
2 1 1 ∗ 0 0 1 0
3 0 1 1 ∗ 0 0 1
4 1 0 1 1 ∗ 0 0
5 0 1 0 1 1 ∗ 0
6 0 0 1 0 1 1 ∗

The domination with 1 modulo 7 difference is given by:

6� 5� 4� 3� 2� 1� 0

The domination with 2 modulo 7 difference is given by:

5� 3� 1� 6� 4� 2� 0

The domination with 4 modulo 7 difference is given by:

3� 6� 2� 5� 1� 4� 0

This gives the first three columns of QRPP7. Now construct 6 more boxes of 3 columns, where
element (i, j) is given by (i, j−3)+1 (mod 7). This gives QRPP7, shown in Table 5.1.

Table 5.1 – Preference Profile QRPP7 that realises QRT7

QRPP7
v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 v15 v16 v17 v18 v19 v20 v21
6 5 3 0 6 4 1 0 5 2 1 6 3 2 0 4 3 1 5 4 2
5 3 6 6 4 0 0 5 1 1 6 2 2 0 3 3 1 4 4 2 5
4 1 2 5 2 3 6 3 4 0 4 5 1 5 6 2 6 0 3 0 1
3 6 5 4 0 6 5 1 0 6 2 1 0 3 2 1 4 3 2 5 4
2 4 1 3 5 2 4 6 3 5 0 4 6 1 5 0 2 6 1 3 0
1 2 4 2 3 5 3 4 6 4 5 0 5 6 1 6 0 2 0 1 3
0 0 0 1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 6 6 6

We have written a Python program that constructs QRPP7, determines the Condorcet dimen-
sion and also outputs the corresponding tournament so that it can be manually checked whether
the QRPP7 realises QRT7 (Appendix D). The output of the Python program is given in Appendix
E. The output shows that QRPP7 is a preference profile that realises QRT7 and has Condorcet di-
mension 3. It also shows that all size-3 sets are Condorcet winning sets.
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For p = 19, our construction gives a preference profile with 19 candidates and 171 voters, i.e. 19
boxes of 9 voter orderings as there are 9 quadratic residues modulo 19. Appendix F shows part of
the preference profile. The remaining voter orderings can be filled in by letting (i, j+9)= (i, j)+1
modulo 19.

Appendix F also shows that QRPP19 realises the tournament QRT19. However, the Condorcet
dimension of QRPP19 is not the same as the dominating dimension of QRT19. While QRT19 has
dominating dimension 4, QRPP19 has Condorcet dimension 2. In fact, we can see in Appendix F
that all size-2 sets are Condorcet winning sets on QRPP19.

As every size-2 set in QRPP19 is a Condorcet winning set, the construction seems to ap-
proach a random construction. In Theorem 3.11, we have shown that with probability at least
1−m3e−n/18/2 every size-2 set of candidates is a Condorcet winning set. As our lower bound
gives a probability of less than a half that every size-2 set is a Condorcet winning set when m = 19
and n= 171, this might mean that our lower bound on the probability can be significantly tightened
or that there are specific reasons why our construction will not work for obtaining a Condorcet di-
mension that exceeds 3 with a larger number of voters and candidates. Note that in QRPP7 every
size-3 set of candidates is a Condorcet winning set.

The results of QRPP7 and QRPP19 raise many interesting new questions, such as why does
QRPP9 have Condorcet dimension 3, while in QRPP19 every size-2 set is a Condorcet winning
set? Do these results tell us anything about an upper bound on the Condorcet dimension that
quadratic residue preference profiles can obtain? And most importantly, do these results give us
any reason for believing that preference profiles with Condorcet dimension 4 do not exist, or can
the construction be altered or extended to obtain a preference profile with Condorcet dimension
4? These are questions that might bring us closer to a solution to Elkind’s (et al.) open problem
and that we intend to further explore in future research.



Chapter 6

Conclusion

Elkind et al. (2015) have posed a challenging open problem: do there exist preference profiles
whose Condorcet dimension exceeds 3? So far, only a few constructions of preference profiles
with Condorcet dimension 2 and 3 are known: the Condorcet cycles, the Kronecker preference
profiles by Elkind et al. and the minimum-sized preference profile by Geist (2014). However,
none of these constructions can be extended to preference profiles with a higher Condorcet dimen-
sion, as the Condorcet dimension of “simple” Condorcet cycles will always be 2, the Condorcet
dimension of Kronecker preference profiles will never exceed 3, and the minimum-sized prefer-
ence profile by Geist with Condorcet dimension 3 uses majority ties and does not have a clear
structure that could be extended to a preference profile with a higher Condorcet dimension. Since
the theorem by Dasgupta and Maskin (2008) shows that a cyclic structure is necessary for obtain-
ing higher dimensional preference profiles, the question arises whether there exist different cyclic
structures that could give a preference profile with a Condorcet dimension of 4 or higher.

In this dissertation, we have searched for different cyclic structures by focusing on the (known) re-
lation between Condorcet winning sets on preference profiles and dominating sets in tournaments.
Without majority ties, the majority relation defines a tournament over the set of candidates, which
is a relation R such that for every pair of candidates x,y either xRy or yRx. Hence, without majority
ties, a preference profile has a corresponding tournament. Conversely, because of a theorem by
McGarvey (1953), we know that every tournament has a corresponding preference profile.

The concept of a dominating set in a tournament is related to but stronger than the concept of
a Condorcet winning set on a preference profile. The concept of a dominating set is conjunctive:
a dominating set is a set S such that for every candidate z not in S there is a candidate y in S that
dominates z, i.e. the majority of voters would prefer y to z in the corresponding preference profile.
By contrast, the concept of a Condorcet winning set is disjunctive: a Condorcet winning set is a
set Y such that for every candidate z not in y some candidate in Y is preferred to z by the majority
of voters, but that candidate may depend on the voter. As the concept of a dominating set in a
tournament is stronger than the concept of a Condorcet winning set on a preference profile, the
minimum size of a Condorcet winning set on a preference profile cannot be bigger than the min-
imum size of a dominating set in the corresponding tournament. That is, the Condorcet dimension
of a preference profile is bounded above by the dominating dimension of its corresponding tour-
nament. Hence, if the Condorcet dimension is to be 4 or higher, then the tournament induced by
the preference profile must not have dominating sets of size 3 or less.

First, we have used the relation between Condorcet winning sets on preference profiles and dom-
inating sets in tournaments to obtain bounds on the minimum number of candidates in a preference
profile with a given Condorcet dimension. As a tournament induced by a preference profile has to
have a dominating dimension that is at least the size of the Condorcet dimension of the preference
profile, a bound on the minimum number of candidates in a tournament with a given dominat-

49
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ing dimension is also a bound on the minimum number of candidates in a preference profile with
equivalent Condorcet dimension. Therefore, because of the lower bound by Szekeres and Szekeres
(1965) on the minimum number of candidates in a tournament with a given dominating dimension,
we know that a preference profile with Condorcet dimension t+1 has to have at least (t+2)2t−1−1
candidates. Hence, when we want to construct a preference profile with Condorcet dimension 4,
we need at least 19 candidates.

Second, we have used the relation between Condorcet winning sets on preference profiles and
dominating sets in tournaments to construct preference profiles from tournaments. We have
presented a novel way of constructing preference profiles that realise quadratic residue tourna-
ments with dominating dimension 3 and 4.

Quadratic residue tournaments, denoted by QRTp where p is a prime number with p≡ 3 (mod
4), have candidate set {0, · · · , p−1} and contain for every pair of candidates u,v, a directed edge
u→ v (i.e., u beats v) if u− v is a quadratic residue modulo p. They have first been constructed
by Szekeres and Szekeres (1965). The quadratic residue tournaments QRT7 and QRT19 represent
minimal tournaments with respect to their number of candidates for, respectively, dominating
dimension 3 and 4. That is, QRT7 has dominating dimension t + 1 = 3 and exactly 7 candidates,
which is equal to the lower bound of (t +2)2t−1−1 by Szekeres and Szekeres (1965). Similarly,
QRT19 has dominating dimension t +1 = 4 and exactly (t +2)2t−1−1 = 19 candidates. We have
provided a Python program to verify the dominating dimension of quadratic residue tournaments.
In general, quadratic residue tournaments can obtain a high dominating dimension. The theorem
by Graham and Spencer (1971) shows that if p > t222t−2, then QRTp has at least dominating
dimension t +1.

Our construction of quadratic residue preference profiles QRPPp that correspond to QRTp uses
p2−p

2 voters. We have provided a Python program that constructs quadratic residue preference pro-
files, determines their Condorcet dimension and outputs their corresponding tournament in order
to verify that the preference profile QRPPp realises QRTp.

Our construction of quadratic residue preference profiles does not only provide a novel way of
transforming a tournament into a preference profile, it also gives a new preference profile with
Condorcet dimension 3. In particular, the quadratic residue preference profile QRPP7 has Con-
dorcet dimension 3. It realises the quadratic residue tournament QRT7 with dominating dimension
3, contains only 7 candidates and has 21 voters. Thereby, we have found a new preference pro-
file with Condorcet dimension 3 that can be added to the small list of known preference profiles
without a Condorcet winner.

While the Condorcet dimension of QRPP7 and the dominating dimension of QRT7 are the
same, this is not the case for the quadratic residue preference profile QRPP19 and the correspond-
ing tournament QRT19. In fact, QRPP19 has Condorcet dimension 2 and the output of our Python
program shows that every set of 2 candidates is a Condorcet winning set. Hence, the construction
seems to approach a random construction, where with a high probability every size-2 subset is a
Condorcet winning set.

Our results raise new research questions in two important ways:
First, the new construction of a preference profile with Condorcet dimension 3 opens up new

research possibilities that the known constructions of preference profiles without Condorcet win-
ner could not provide. The follow-up question to this result would be whether we can prove that
a quadratic residue preference profile can or cannot have a Condorcet dimension of 3 or higher.
Similar to the results about the Kronecker preference profiles, we would like to know whether
the construction can be extended to higher dimensional preference profiles. For that, it would be
useful to understand why QRPP7 has Condorcet dimension 3 and why all size-2 sets in QRPP19
are Condorcet winning sets.
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Second, the seemingly random outcome of QRPP19 reminds us again that there might be reas-
ons for the non-existence of preference profiles whose Condorcet dimension exceed 3. It might
be that a preference profile with 19 or more candidates that corresponds to a tournament with a
dominating dimension of 4 or higher requires too much domination between the candidates so that
it always results in a low Condorcet dimension. Further research in our construction of quadratic
residue preference profiles might give reasons for the non-existence of preference profiles with
Condorcet dimension 4 or higher, which so far have not been seen.

Thus, in our opinion, our exposition of the existing results concerning higher dimensional pref-
erence profiles, the bounds we obtained by relating Condorcet winning sets on preference profiles
to dominating sets in tournaments and our novel construction of quadratic residue preference pro-
files, provide many new questions that could be approached in order to, hopefully, solve Elkind’s
(et al.) open problem.
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A QRTp-dom.py Program
1   import sys
2   import itertools
3   import math
4   
5   p=7
6   def isPrime(x):
7   if x==2 or x==3:
8   return True
9   if x%2==0 or x < 2:

10   return False
11   for i in range(2, int(math.sqrt(x))+1):
12   if x % i == 0:
13   return False
14   return True
15   
16   if len(sys.argv) > 1:
17   if not isPrime(int(sys.argv[1])):
18   print "No prime number as input", exit()
19   if not int(sys.argv[1])%4 == 3:
20   print "Input is not equivalent to 3 modulo 4", exit()
21   else:
22   p=int(sys.argv[1])
23   print "Computing the tournament QRT_p for p =", p
24   
25   # constructing the set of quadratic residues modulo p
26   qrtp = []
27   for i in range(p/2):
28   i += 1 # p is odd, use not 0..p/2-1 but 1..p/2
29   qrtp.append(i*i % p)
30   
31   am = []
32   for i in range(p):
33   s = []
34   for j in range(p):
35   if (i-j) % p in qrtp:
36   s.append(1)
37   else:
38   s.append(0)
39   am.append(s)
40   
41   # definitions
42   vn = len(am) #number of vertices
43   setofallvertices = range(vn)
44   
45   # print the basic information of the tournament
46   print "The adjacency matrix is given by:"
47   for line in am:
48   print line
49   print "The number of vertices:", vn
50   print "The set of vertices:", setofallvertices
51   
52   # check whether vertexset is a dominating set for am
53   def isDomSet(am, vertexset):
54   setofallvertices = range(vn)
55   #count the number of times a vertex in vertexset is beaten
56   counter = [0 for i in range(vn)]
57   for vertex in setofallvertices:
58   for line in range(vn):
59   if line in vertexset:
60   counter[vertex]+= am[line][vertex]
61   # check whether all vertices are beaten
62   for vertex in setofallvertices:
63   if not(vertex in vertexset):
64   # check if vertex is beaten by some vertex in vertexset
65   if (counter[vertex]==0):
66   return False
67   return True
68   
69   
70   
71   
72   
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73   # check am for dominating sets of size 'size'
74   def domsets(am, size):
75   found=False
76   vertexlist = map(list, itertools.combinations(setofallvertices, size))
77   for vl in vertexlist:
78   if isDomSet(am, vl):
79   found = True
80   print vl, "------ is a dominating set!"
81   return found
82   
83   # output for each set the vertex that dominates the set, if it exists
84   def domination(am, size):
85   vertexsets = map(list, itertools.combinations(setofallvertices, size-1))
86   for set in vertexsets:
87   counter = [0 for i in range(vn)]
88   for vertex in setofallvertices:
89   for line in range(vn):
90   if line in set:
91   counter[vertex]+= am[line][vertex]
92   for vertex in setofallvertices:
93   if not(vertex in set):
94   if(counter[vertex]==0):
95   print set, "is dominated by", vertex
96   
97   # checks am for dominating sets of size 'size' till found
98   # print the minimum-sized dominating sets
99   # give the cardinality of minimum dominating sets of am

100   # output the largest sets that are not dominating sets
101   notFound = True
102   size=1
103   print "The minimum-sized dominating sets are:"
104   while notFound:
105   notFound = not domsets(am, size)
106   if not notFound:
107   print "The dominating dimension is", size
108   print "The sets of size", size-1, "and smaller are dominated:"
109   domination(am, size)
110   size+= 1
111   



A-iii

B QRTp-dom.py Output for QRT7
File: /home/stengel/BLOKS/for10/7.txt Page 1 of 2

 
 
    Computing the tournament QRT_p for p = 7
    The adjacency matrix is given by:
    [0, 0, 0, 1, 0, 1, 1]
    [1, 0, 0, 0, 1, 0, 1]
    [1, 1, 0, 0, 0, 1, 0]
    [0, 1, 1, 0, 0, 0, 1]
    [1, 0, 1, 1, 0, 0, 0]
    [0, 1, 0, 1, 1, 0, 0]
    [0, 0, 1, 0, 1, 1, 0]
    The number of vertices: 7
    The set of vertices: [0, 1, 2, 3, 4, 5, 6]
    The minimum-sized dominating sets are:
    [0, 1, 2] ------ is a dominating set!
    [0, 1, 3] ------ is a dominating set!
    [0, 1, 4] ------ is a dominating set!
    [0, 1, 6] ------ is a dominating set!
    [0, 2, 4] ------ is a dominating set!
    [0, 2, 5] ------ is a dominating set!
    [0, 2, 6] ------ is a dominating set!
    [0, 3, 4] ------ is a dominating set!
    [0, 3, 5] ------ is a dominating set!
    [0, 3, 6] ------ is a dominating set!
    [0, 4, 5] ------ is a dominating set!
    [0, 5, 6] ------ is a dominating set!
    [1, 2, 3] ------ is a dominating set!
    [1, 2, 4] ------ is a dominating set!
    [1, 2, 5] ------ is a dominating set!
    [1, 3, 5] ------ is a dominating set!
    [1, 3, 6] ------ is a dominating set!
    [1, 4, 5] ------ is a dominating set!
    [1, 4, 6] ------ is a dominating set!
    [1, 5, 6] ------ is a dominating set!
    [2, 3, 4] ------ is a dominating set!
    [2, 3, 5] ------ is a dominating set!
    [2, 3, 6] ------ is a dominating set!
    [2, 4, 6] ------ is a dominating set!
    [2, 5, 6] ------ is a dominating set!
    [3, 4, 5] ------ is a dominating set!
    [3, 4, 6] ------ is a dominating set!
    [4, 5, 6] ------ is a dominating set!
    The dominating dimension is 3
    The sets of size 2 and smaller are dominated:
    [0, 1] is dominated by 2
    [0, 2] is dominated by 4
    [0, 3] is dominated by 4
    [0, 4] is dominated by 1
    [0, 5] is dominated by 2
    [0, 6] is dominated by 1
    [1, 2] is dominated by 3
    [1, 3] is dominated by 5
    [1, 4] is dominated by 5
    [1, 5] is dominated by 2
    [1, 6] is dominated by 3
    [2, 3] is dominated by 4
    [2, 4] is dominated by 6
    [2, 5] is dominated by 6
    [2, 6] is dominated by 3
    [3, 4] is dominated by 5
    [3, 5] is dominated by 0
    [3, 6] is dominated by 0
    [4, 5] is dominated by 6
    [4, 6] is dominated by 1
    [5, 6] is dominated by 0
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C QRTp-dom.py Output for QRT19

Computing the tournament QRT_p for p = 19
The adjacency matrix is given by:
[0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1]
[1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0]
[0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0]
[0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1]
[1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1]
[1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1]
[1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1]
[1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0]
[0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1]
[1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0]
[0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1]
[1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0]
[0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0]
[0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0]
[0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0]
[0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1]
[1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0, 1]
[1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 0]
[0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0]
The number of vertices: 19
The set of vertices: [0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
 11, 12, 13, 14, 15, 16, 17, 18]
The dominating dimension is 4
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D QRPP.py Program
1   import sys
2   import itertools
3   
4   p=7
5   if len(sys.argv) > 1:
6   p=19
7   print "Computing the preference profile QRPP_p for p =", p
8   
9   # print tournament

10   def out_tourna(t):
11   n = len(t)
12   for i in range(n):
13   l = t[i]
14   for j in range(n):
15   if i==j:
16   print "*",
17   else:
18   x = l[j]
19   if x>1:
20   print "-",
21   else:
22   print x,
23   print
24   
25   def vp_to_tourna(vp): # produce tournament from vp
26   nv = len(vp) #number of voters
27   nc = len(vp[0]) #number of candidates
28   blank = [2]*nc
29   tournament=[]
30   for i in range(nc):
31   tournament.append(blank[:])
32   for i in range(nc): # go through rows
33   for j in range(i): # go through columns below diagonal
34   # count if i beats j
35   count = 0
36   for voter in vp:
37   if voter.index(i) < voter.index(j):
38   count += 1
39   if 2*count == nv: # tie
40   tournament [i][j] = 2
41   tournament [j][i] = 2
42   else:
43   if count > nv/2:
44   tournament [i][j] = 1
45   tournament [j][i] = 0
46   else:
47   tournament [i][j] = 0
48   tournament [j][i] = 1
49   return tournament
50   
51   # the quadratic residues modulo 7 and 19
52   residue = [[]]*20
53   residue[7] =[1,2,-3]
54   residue[19]=[1,-2,-3,4,5,6,7,-8,9]
55   
56   # create voter preferences with 0 at end, domination via d
57   def makeset1(p,d):
58   l = []
59   x = 0
60   for i in range(p):
61   l = [x] + l
62   x = (x+d) % p
63   return l
64   
65   # add 1 modulo p to each element of l, return new list
66   def add1modp (l,p):
67   ll = []
68   for x in l:
69   ll.append( (x+1) % p)
70   return ll
71   
72   
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73   # add 1 modulo p to each element of box, return new box
74   def boxadd1modp (bx,p):
75   newbx = []
76   for l in bx:
77   newbx.append(add1modp (l,p))
78   return newbx
79   
80   box = []
81   for d in residue[p]:
82   box.append(makeset1(p,d))
83   
84   # create voter profile from box
85   vp = []
86   for i in range(p):
87   vp.extend(box)
88   box = boxadd1modp (box,p)
89   
90   out_tourna(vp_to_tourna(vp))
91   
92   nv = len(vp) #number of voters
93   nc = len(vp[0]) #number of candidates
94   setofallcands = range(nc)
95   
96   # print the basic information of the preference profile
97   print "The voter profile is given by:"
98   for word in vp:
99   print word

100   print "The number of voters:", nv
101   print "The number of candidates:", nc
102   print "The set of candidates:", setofallcands
103   
104   # check whether candset is a Condorcet winning set for vp
105   def isCondWinSet(vp, candset):
106   setofallcands = range(nc)
107   for cand in setofallcands:
108   if not(cand in candset):
109   # check if cand is beaten by someone in candset
110   count = 0
111   for voter in vp:
112   candwhere = voter.index(cand)
113   for c in candset:
114   if voter.index(c) < candwhere:
115   count += 1
116   break
117   if count <= nv/2:
118   return False
119   return True
120   
121   # check vp for Condorcet winning sets of size 'size'
122   def cwsets(vp, size):
123   found=False
124   candlist = map(list, itertools.combinations(setofallcands, size))
125   for cl in candlist:
126   if isCondWinSet(vp, cl):
127   found = True
128   print cl, "------ is a Condorcet winning set!"
129   return found
130   
131   # check vp for Condorcet winning sets of size 'size' till found
132   # print the minimum-sized Condorcet winning sets
133   # give the Condorcet dimension of vp
134   notFound = True
135   size=1
136   print "The minimum-sized Condorcet winning sets are:"
137   while notFound:
138   notFound = not cwsets(vp, size)
139   if not notFound:
140   print "The Condorcet dimension is", size
141   size+= 1
142   
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E QRPP.py Output for QRPP7

Computing the preference profile QRPP_p for p = 7
* 0 0 1 0 1 1
1 * 0 0 1 0 1
1 1 * 0 0 1 0
0 1 1 * 0 0 1
1 0 1 1 * 0 0
0 1 0 1 1 * 0
0 0 1 0 1 1 *
The voter profile is given by:
[6, 5, 4, 3, 2, 1, 0]
[5, 3, 1, 6, 4, 2, 0]
[3, 6, 2, 5, 1, 4, 0]
[0, 6, 5, 4, 3, 2, 1]
[6, 4, 2, 0, 5, 3, 1]
[4, 0, 3, 6, 2, 5, 1]
[1, 0, 6, 5, 4, 3, 2]
[0, 5, 3, 1, 6, 4, 2]
[5, 1, 4, 0, 3, 6, 2]
[2, 1, 0, 6, 5, 4, 3]
[1, 6, 4, 2, 0, 5, 3]
[6, 2, 5, 1, 4, 0, 3]
[3, 2, 1, 0, 6, 5, 4]
[2, 0, 5, 3, 1, 6, 4]
[0, 3, 6, 2, 5, 1, 4]
[4, 3, 2, 1, 0, 6, 5]
[3, 1, 6, 4, 2, 0, 5]
[1, 4, 0, 3, 6, 2, 5]
[5, 4, 3, 2, 1, 0, 6]
[4, 2, 0, 5, 3, 1, 6]
[2, 5, 1, 4, 0, 3, 6]
The number of voters: 21
The number of candidates: 7
The set of candidates: [0, 1, 2, 3, 4, 5, 6]
The minimum-sized Condorcet winning sets are:
[0, 1, 2] ------ is a Condorcet winning set!
[0, 1, 3] ------ is a Condorcet winning set!
[0, 1, 4] ------ is a Condorcet winning set!
[0, 1, 5] ------ is a Condorcet winning set!
[0, 1, 6] ------ is a Condorcet winning set!
[0, 2, 3] ------ is a Condorcet winning set!
[0, 2, 4] ------ is a Condorcet winning set!
[0, 2, 5] ------ is a Condorcet winning set!
[0, 2, 6] ------ is a Condorcet winning set!
[0, 3, 4] ------ is a Condorcet winning set!
[0, 3, 5] ------ is a Condorcet winning set!
[0, 3, 6] ------ is a Condorcet winning set!
[0, 4, 5] ------ is a Condorcet winning set!
[0, 4, 6] ------ is a Condorcet winning set!
[0, 5, 6] ------ is a Condorcet winning set!
[1, 2, 3] ------ is a Condorcet winning set!
[1, 2, 4] ------ is a Condorcet winning set!
[1, 2, 5] ------ is a Condorcet winning set!
[1, 2, 6] ------ is a Condorcet winning set!
[1, 3, 4] ------ is a Condorcet winning set!
[1, 3, 5] ------ is a Condorcet winning set!
[1, 3, 6] ------ is a Condorcet winning set!
[1, 4, 5] ------ is a Condorcet winning set!
[1, 4, 6] ------ is a Condorcet winning set!
[1, 5, 6] ------ is a Condorcet winning set!
[2, 3, 4] ------ is a Condorcet winning set!
[2, 3, 5] ------ is a Condorcet winning set!
[2, 3, 6] ------ is a Condorcet winning set!
[2, 4, 5] ------ is a Condorcet winning set!
[2, 4, 6] ------ is a Condorcet winning set!
[2, 5, 6] ------ is a Condorcet winning set!
[3, 4, 5] ------ is a Condorcet winning set!
[3, 4, 6] ------ is a Condorcet winning set!
[3, 5, 6] ------ is a Condorcet winning set!
[4, 5, 6] ------ is a Condorcet winning set!
The Condorcet dimension is 3
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F QRPP.py Output for QRPP19

Computing the preference profile QRPP_p for p = 19
* 0 1 1 0 0 0 0 1 0 1 0 1 1 1 1 0 0 1
1 * 0 1 1 0 0 0 0 1 0 1 0 1 1 1 1 0 0
0 1 * 0 1 1 0 0 0 0 1 0 1 0 1 1 1 1 0
0 0 1 * 0 1 1 0 0 0 0 1 0 1 0 1 1 1 1
1 0 0 1 * 0 1 1 0 0 0 0 1 0 1 0 1 1 1
1 1 0 0 1 * 0 1 1 0 0 0 0 1 0 1 0 1 1
1 1 1 0 0 1 * 0 1 1 0 0 0 0 1 0 1 0 1
1 1 1 1 0 0 1 * 0 1 1 0 0 0 0 1 0 1 0
0 1 1 1 1 0 0 1 * 0 1 1 0 0 0 0 1 0 1
1 0 1 1 1 1 0 0 1 * 0 1 1 0 0 0 0 1 0
0 1 0 1 1 1 1 0 0 1 * 0 1 1 0 0 0 0 1
1 0 1 0 1 1 1 1 0 0 1 * 0 1 1 0 0 0 0
0 1 0 1 0 1 1 1 1 0 0 1 * 0 1 1 0 0 0
0 0 1 0 1 0 1 1 1 1 0 0 1 * 0 1 1 0 0
0 0 0 1 0 1 0 1 1 1 1 0 0 1 * 0 1 1 0
0 0 0 0 1 0 1 0 1 1 1 1 0 0 1 * 0 1 1
1 0 0 0 0 1 0 1 0 1 1 1 1 0 0 1 * 0 1
1 1 0 0 0 0 1 0 1 0 1 1 1 1 0 0 1 * 0
0 1 1 0 0 0 0 1 0 1 0 1 1 1 1 0 0 1 *
The voter profile is given by:
[18, 17, 16, 15, 14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0]
[2, 4, 6, 8, 10, 12, 14, 16, 18, 1, 3, 5, 7, 9, 11, 13, 15, 17, 0]
[3, 6, 9, 12, 15, 18, 2, 5, 8, 11, 14, 17, 1, 4, 7, 10, 13, 16, 0]
[15, 11, 7, 3, 18, 14, 10, 6, 2, 17, 13, 9, 5, 1, 16, 12, 8, 4, 0]
[14, 9, 4, 18, 13, 8, 3, 17, 12, 7, 2, 16, 11, 6, 1, 15, 10, 5, 0]
[13, 7, 1, 14, 8, 2, 15, 9, 3, 16, 10, 4, 17, 11, 5, 18, 12, 6, 0]
[12, 5, 17, 10, 3, 15, 8, 1, 13, 6, 18, 11, 4, 16, 9, 2, 14, 7, 0]
[8, 16, 5, 13, 2, 10, 18, 7, 15, 4, 12, 1, 9, 17, 6, 14, 3, 11, 0]
[10, 1, 11, 2, 12, 3, 13, 4, 14, 5, 15, 6, 16, 7, 17, 8, 18, 9, 0]
[0, 18, 17, 16, 15, 14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1]
[3, 5, 7, 9, 11, 13, 15, 17, 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 1]
...
[7, 15, 4, 12, 1, 9, 17, 6, 14, 3, 11, 0, 8, 16, 5, 13, 2, 10, 18]
[9, 0, 10, 1, 11, 2, 12, 3, 13, 4, 14, 5, 15, 6, 16, 7, 17, 8, 18]
The number of voters: 171
The number of candidates: 19
The set of candidates: [0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 
17, 18]
The minimum-sized Condorcet winning sets are:
[0, 1] ------ is a Condorcet winning set!
[0, 2] ------ is a Condorcet winning set!
...
[16, 18] ------ is a Condorcet winning set!
[17, 18] ------ is a Condorcet winning set!
The Condorcet dimension is 2
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